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PREFACE. 



The object of the present work is to give an 
account of the principles of Arithmetic, omitting 
all merely mercantile applications. I have en- 
deavoured, as far as possible, in the explanation 
of the different methods and results to follow 
the order of historical development. In doing 
this I have been guided mainly by Cantor's 
"Geschichte der Mathematik," the chief work 
on the history of mathematics. I have also 
consulted Hankel's "Vorlesungen uber die Ge- 
schichte der Mathematik," and Nesselmann's 
** Algebra der Griechen," and have verified many 
special statements by reference to the original 
authorities. The conception of the subject as 
a whole, and many of the details have been 
taken from the mathematical portions of the 
works of Auguste Comte and in especial from 
his last great work the " Synthase Subjective." 

HOMERSHAM COX. 

Cambridge, 
August 13M, 1885. 
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INTRODUCTION. 

Arithmetic is as the word implies the science which 
treats of the relations between numbers. In order to 
define this science we must then first of all consider what 
is the kind of questions to which numbers are applied 
and what are the fundamental relations which exist be- 
tween them. 

Numbers are used for two purposes, to count and to 
measure. In the first case numbers are employed to 
enumerate distinct objects and even thoughts or events ; 
in the second case they express some continuous quantity 
such as a length or an interval of time in terms of some 
other quantity of the same kind. The latter use of numbers 
depends on the former, which has indeed been always the 
more common and familiar. It is in this former applica- 
tion that we naturally first consider numbers. 

A number has no meaning apart from the objects to 
which it is applied. It is like any other abstract term, 
such as length or mass, not capable of definition. We 
must therefore define the property of two groups which 
are said to contain the same number of objects. It is 

c ^ 
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this, that to every one in the first group there corresponds 
one and only one in the second group. When it is not 
possible to compare the two groups together directly, we 
can compare them indirectly by means of a third group. 
For it is clear from the definition that two groups will 
contain the same number of objects when each contains 
the same number as a third group. Those objects which 
in the former groups correspond with the same object in 
the latter group will also correspond with one another. 
It is therefore possible to adopt a standard set of things 
once for all and to use this set constantly for the purpose 
of comparison. The groups we form from the standard set 
are called specially numbers, and when we are asked the 
number of objects in any other group it is meant that we 
are to give that one of these special groups which con- 
tains the same number of objects. 

We must next see what are the fundamental relations 
between different numbers. The first of these relations 
arises from Addition, If we join two groups of objects 
to form a third group the number of objects in the whole 
group is said to be the sum of the numbers of objects 
in each of the partial groups, and the formation of this 
simi is called addition. It is clear that the sum of two 
numbers is independent of the special objects to which 
the numbers apply. In other words, if we replace each 
of the partial groups by another group containing the 
same number of different objects then the whole number 
of the new objects will be equal to the whole number 
of the former. For those objects which corresponded to 
one another in the partial groups may still be considered 
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to correspond when these groups are joined together. 
The other fundamental relations between numbers arise 
from Subtraction^ Multiplication^ and Division, The 
definitions of these operations will be given hereafter. 
The relations arising from them are also independent of 
special objects, and hence an abstract science of arith- 
metic dealing with these relations is possible. 

Arithmetical theorems may be of two kinds, special or 
general. They may be either the results of the addition, 
subtraction, &c. of particular numbers, such as the theorem 
that 3 and 5 are 8, or they may be general truths relating 
to numbers, such as the theorem that the product of two 
numbers is unaltered when the multiplier and multi- 
plicand are interchanged. The resulting division of 
arithmetic into two parts was made long ago by the 
Greeks. The former part they called Logistics and re- 
served the name " Arithmetic '' for the latter part. We 
shall begin with the study of the former part, since the 
more special questions are easier than the more general. 

We must first of all shew how to find names for num- 
bers. All that is essential for this purpose is a series of 
words such as one, two, three, four, or visible signs such 
as I, 2, 3, 4 following one another in a definite order. 
When we wish to give a name to the number of objects in 
a group we repeat the words one, two, three (or write the 
signs I, 2, 3) in their order, saying one and only one for 
each of the objects in the group. The last word we say 
will be the required name. This is the ordinary process 
of counting, and we are really comparing the number of 
objects with the number of words in the series one, two, 
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three. We take these words in fact as our standard set of 
things. The names for numbers are not all arbitrary. 
They are formed on a systematic plan, and the systematic 
formation of numerical words is called Numeration, This 
will be explained in the first section. 

Any combination of numbers by means of Addition, 
Subtraction, Multiplication or Division might be taken as 
a name for a new number, and we find as a matter of fact 
that all these operations have been employed in this way. 
Thus in Latin two from twenty, in French four twenties, 
in English half a dozen are names for numbers. It is 
purely the result of a convention that we use a hundred 
and five and do not use eight and six as a numerical 
word. But when once a standard form has been adopted 
we must reduce all other modes of expression to that 
form. The method by which this is done is shewn in 
turn for Addition, Subtraction, Multiplication and Divi- 
sion, in the following sections. 

We then come to Arithmetic in the Greek sense of the 
word, and consider some general theorems relative to 
whole numbers. 

We shall then consider numbers in their application 
to continuous quantities, and shall examine in succession 
the two cases of quantities commensurable and incom- 
mensurable with the unit of measure. We must explain 
the notation employed for this class of numbers, and the 
application of the four fundamental operations. 

In the last chapter we shall again return to the pro- 
perties of whole numbers. 



CHAPTER I. 

NUMERATION. 

We have seen already that to provide names for num- 
bers all that is necessary is a series of words or symbols 
following one another in a definite order. If however 
these words or symbols were all arbitrary it would soon 
become impossible to remember them. The problem 
then is to express all numbers on a systematic plan by 
means of a few numbers to which arbitrary names are 
assigned. But we can only express one number in terms 
of another by means of the operations of Addition, Sub- 
traction, Multiplication and Division. We must consider 
then which of these four is the most suitable for the 
systematic formation of numbers. Subtraction and Divi- 
sion may be put aside at once, since by their means we 
could only express lower numbers in terms of higher, and 
this would be open to two objections: ist, since the 
smaller numbers are the best known to us we should be 
expressing the more familiar in terms of the less familiar ; 
2nd, we could not express higher numbers than the 
highest to which an arbitrary name had been assigned. 

Neither could we express all our numbers by multi- 
plication alone, for then we should want an indefinite 
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series of arbitrary names for those numbers which are 
not the product of any other numbers, such for example 
as twenty-three, seventy-one, &c. 

These are called prime numbers and will be spoken 
of later. 

It is clear then that we must use addition as a mode 
of formation of numbers. In fact every number may be 
considered the sum of smaller numbers and these as the 
sums of others smaller still, till we arrive at numbers as 
small as we can imagine. 

So that if we give names to the first few numbers — 
how few does not matter — all others could be expressed 
by means of addition alone. The names obtained in this 
way would often be very long, but they can be shortened 
by the use of multiplication, for the numbers added to- 
gether may be made for the most part equal, and the 
addition of equal numbers is multiplication. For example, 
supposing we wished to express twenty-three in a language 
which had no arbitrary words beyond six, we could say 
either ist, one and two and three and four and five and 
six and two ; or 2nd, four and four and four and four and 
four and three ; or 3rd, six and six and six and five ; and 
the latter two modes could be shortened into five fours 
and three in the one case and into three sixes and five in 
the other. Again, the names could be shortened by 
giving arbitrary signs to some high numbers, just as in 
weighing a heavy body the weights required will be fewer 
if some of them are great. 

We see then that additioh alone is essential for naming 
numbers, but that multiplication may also be employed. 
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We will now consider the actual application of these 
operations first of all in the spoken and then in the 
written language. 

In speaking we use arbitrary words for the first ten 
numbers. By simply adding these together in pairs we 
can obtain words up to ten and ten. 

The simplest plan is to add the numbers successively 
to ten, thus, ten and one, ten and two, ten and three... 
ten and nine, ten and ten. In this way only could we 
obtain the last two numbers and adding any other num- 

I 

bers such as nine and eight together would be superfluous, 
since we should merely be giving names to numbers 
already expressed. 

We can obtain ten more numbers by adding one, 
two,... ten to the last number, thus, ten and ten and one, 
ten and ten and two, up to ten and ten and ten. This is 
the most we can obtain by adding together the numbers 
in threes, for as before it will be useless to add any other 
numbers together. By the addition of four numbers we 
can count further ten and ten and ten and one up to ten 
and ten and ten and ten. But we are naturally led to 
shorten these names by means of multiplication and to 
say two tens, two tens and one, two tens and two, three 
tens, four tens, five tens, &c. Without using more than a 
single multiplication and a single addition we can count 
up to ten tens. And we see as in the case of addition 
that it will be useless to multiply other numbers together, 
such as nine and eight, for in this way we should obtain 
nothing new. 

Still proceeding on the same principle — that is to say, 
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adding the lower numbers in turn to the highest number 
already named — ^we continue ten tens and one, ten tens 
and two, and so on. But a question will now arise — are 
we to say ten tens and ten, ten tens and two tens, &c. 
or instead ten and one times ten, ten and two times ten ? 
The former method has been chosen, and to avoid the 
inconvenient expressions twice ten tens, three times ten 
tens, we introduce a new word one hundred, meaning ten 
tens, and say two hundreds, three hundreds, &c. To count 
beyond a hundred it will be simply necessary to repeat 
the former numbers, placing the word one hundred before 
them, as in one hundred and four tens and seven for 
example, till we come to two hundreds. We then 
again repeat the early numbers, placing two hundred 
before them till we come to three hundreds. We 
proceed in the same manner with three hundreds, 
four hundreds, and thus count up to ten hundred. We 
might even go further, and say two ten hundreds, three 
ten hundreds, but instead a new word, one thousand, is 
introduced and we say two thousands, three thousands. 
We can now express any number up to ten thousands, 
such as three thousands, five hundreds four tens and 
seven, without multiplying more than a pair of numbers 
together. One of the pair always belongs to the numbers 
one, two, three, four, five, six, seven, eight, nine, and the 
other to the number ten, hundred, thousand. On this 
principle we ought to introduce a new word for ten thou- 
sand, a myriad for instance, and again another word for 
ten myriads or one hundred thousand, and so on, as far 
as we wish to count. This plan was actually adopted by 
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the Hindoos. In European languages, however, no new 
word occurs till we come to a thousand thousand, and we 
say twenty- three thousand instead of two myriads three 
thousands. The word million for a thousand thousand is 
of late origin. It was introduced according to Hankel in 
the 14th century from the Italian money market (millone, 
a ton of gold). 

We have thus described the method by which numbers 
are named. These names are slightly modified in dif- 
ferent languages. Thus the words two tens, three tens, 
&c., are corrupted into twenty, thirty, &c. The general 
rule of mentioning always the parts of a number in the 
order of their magnitude, as in three hundred and twenty 
one, is not followed in English for the numbers between 
ten and twenty; we say sixteen, not ten and six. The 
word " and '* connecting the different parts of a number 
is generally dropped, as in two thousand, six hundred, 
twenty-six ; in English, however, it is retained after the 
hundreds. Also the sign of the plural is dropped after 
the words hundred, thousand. 

These modifications, however, are unimportant, and 
do not affect the general principle. This is, as we have 
seen, simply to add at each stage the lower numbers in 
succession to the highest number of those which have 
been already formed. Thus when we wish to count 
beyond a thousand we a^dd to a thousand the numbers 
previously formed, as in one thousand and one, one thou- 
sand and two, &c. The principle is naturally connected 
with our mode of counting objects laid before us. We 
then generally after we have reached a certain number, 
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ten for example, place the objects already counted on one 
side and proceed to count over again one, two, three, &c. 
These are again put on one side and the process is re- 
peated as often as necessary. This will explain the fact 
that all languages say one hundred and ten and not 
eleven tens. The same motives which lead us after 
counting ten objects to put them on one side and begin 
again would lead us after counting ten heaps of ten each 
to form a larger heap of these and putting it on one side 
to begin counting tens again. 

Our system of numeration is then in all that is es- 
sential determined by the character of numbers. The 
only important point that remains undetermined is the 
number of arbitrary numerical names we originally start 
with, or to put it in another way, the number of objects 
we set aside to form a group. There was no necessity 
for this number to have been ten. Any other number, 
except of course unity, would have answered the purpose. 
In fact in dealing out many kinds of hard goods for sale 
it is usual to count by the dozen and the gross. The 
objects are dealt out one by one till a dozen is reached. 
This dozen is then laid on one side and another dozen 
counted out and so on with three dozen, four dozen up to 
a dozen dozen or a gross. By repeating these operations 
two, three, four or more gross could be counted. The 
total number of objects might then be expressed as three 
gross, five dozen and six, and this name for the number 
would take the place of what the reader will easily see is 
its equivalent, four hundred nine tens and eight. 

Why then is ten chosen to be what is called the 



NUMERATION. 1 1 



basis of the system of numeration in almost all languages 
without exception, or in other words, why do we count by 
tens ? This seems to be connected with the natural habit 
of reckoning on the fingers, and the explanation is con- 
firmed by many of the names for numbers. Thus the 
Mexicans used a word meaning hand to denote five and 
a word meaning man to denote twenty, the total number 
of both fingers and toes. With them twenty-one was one 
to the other man, forty was two men. Also in various 
languages either five or twenty or both are used in sub- 
ordination to ten as a means of forming numbers ; the 
French quatre-vingt is an example. 

We pass now to the written numbers, and have to see 
how these are formed by addition and multiplication from 
a few arbitrary signs. We may distinguish three prin- 
cipal systems of numeration. 

I. The Roman. In this we have arbitrary signs, 
M, C, X, I, for one thousand, one hundred, ten, one, and 
the other numbers are formed by the addition of these 
symbols : thus, twenty- three is XXIII. 

This system was adopted in its simplest form in the 
Egyptian hieroglyphic writing. The earliest system in 
use among the Greeks was also fundamentally the same. 
* As however it is not easy to distinguish IIIIIII; IIIIIIII; 
IIIIIIIII; at a glance some further artifice has to be 
employed. The Egyptians arranged their units, tens, &c. 
in special figures, as we do the pips on a pack of cards. 
The Greeks and Romans had subordinate signs V, L, for 
five and fifty. 

2. The Greek. Arbitrary signs are adopted for one, 
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two, three... nine, ten, twenty, thirty... ninety, hundred, 
two hundred, &c. These signs were the letters of the 
alphabet, a, j8, y...i, «, X... The other numbers are formed 
by the addition of these symbols : thus twenty-three is 
jty. This system was used by the later Greeks. 

3. The Indian or modem. The arbitrary signs i, 2, 
3.^.9 for the first nine numbers and o for the absence of a 
number are adopted. As in the spoken language, these 
numbers are multiplied into ten, a hundred, &c. and the 
results added to make the required number. The distinc- 
tive point of the system is that the ten, hundred, &c. 
are not expressed but indicated by the position of the 
number which multiplies them. Thus when 2 comes in 
the second place to the left it means two tens instead of 
two. Twenty-three is expressed by 23. 

We must now consider the origin and connection of 
these systems. 

The first seems to be the simplest conceivable. The 
most natural mode of representing the number of cer- 
tain objects that cannot be directly indicated would be 
to take an equal number of more convenient objects. It 
is said the spies of the North American Indians would 
put aside a grain of corn for every man of their enemies, 
and the heap of com they brought back would shew 
roughly the size of the troop. If this method were ap- 
plied in writing the number of objects would be repre- 
sented by kn equal number of dots or strokes. Such a 
plan however cannot be called a system. The next step 
would be to replace a group of strokes — say ten— by a 
single sign such as X. The change would be naturally 
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suggested by the mode of counting out numbers of which 
we have already spoken in connexion with the oral lan- 
guage. The Negroes still when they have counted through 
their fingers place a pebble on the ground and begin 
again. Obviously the number which was represented by 
two pebbles and three fingers might be written on paper 
XXIII. An extension of the process would lead to the 
creation of the sign C for a hundred, and M for a thou- 
sand. 

This notation, though clear, has the disadvantage of 
being very lengthy. Those who frequently made calcula- 
tions would be led to prefer some more concise even 
though less simple plan. The most ignorant could write 
XXX and XXXXX are XXXXXXXX, but a man who 
had learnt to remember that three and five were eight 
would prefer to write 7 and c are rj. In the same way 
now an expert arithmetician or algebraist would leave out 
steps that are necessary to the beginner, saving time by 
the use of his memory. It must have been this reason 
which induced the Greek to adopt arbitrary signs a, j8, 
y...c, Kf X,... in place of I, II, III,... A, AA, AAA,..."^. 

With this notation we should write Ky for twenty-three, 
and a>\a for eight hundred and thirty-one. Brevity would 
be gained, but we should meet with two great disadvan- 
tages. The first is the increased number of arbitrary 
signs. For numbers below a thousand this would pre- 
sent no practical inconvenience. So far only twenty- 
seven unconnected symbols are required and many more 

* The latter signs are known as the Herodian numbers. 
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can easily be retained in the memory if only they are used 
frequently. But it would be impossible to create fresh 
signs indefinitely for one thousand, two thousand ... ten 
thousand, twenty thousand,... &c. In fact the Greeks 
never attempted to do so, but used instead special arti- 
fices to represent numbers above a thousand. 

The second disadvantage is seen only in comparing 
the Greek system with our own, not in comparing it with 
the Roman. It is the greater difficulty of performing 
arithmetical operations. We will anticipate for the mo- 
ment and consider the Greek method and our method 
of adding and multiplying two numbers, for example, 
two hundred and forty-one and five hundred and thirty- 
six. We should say six and one are seven, three and 
four are seven, five and two are seven ; at the same time 
writing down the corresponding figures. But a Greek 
would say five hundred and two hundred are seven 
hundred, forty and thirty are seventy. So far the dif- 
ference is not serious. But in multiplying, while we 
say five times two are ten, four times three are twelve, 
&c., a Greek would have to say five hundred times 
two hundred are a hundred thousand, five hundred 
times forty are twenty thousand, thirty times forty 
are one thousand two hundred, &c. That is, he 
would have constantly to bear in mind the products of 
ten, a hundred, a thousand, &c. into one another. This 
is an increased burden to the memory and was felt to be 
of so much importance when the numbers were high 
that a special rule was invented for determining the 
products just mentioned. 
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Thus we see that from two motives the Greeks would 
be led to desire an improvement in their system of nota- 
tion, and there are historical indications that by both 
these motives they were being led to discover such an 
improvement. To take the first only; after the Greeks 
had exhausted the letters of their alphabet in represent- 
ing numbers up to nine hundred and ninety nine, they 
used the letters for the units over again with a comma 
following them to indicate thousands. This comma was 
omitted when the position of the letter shewed its value, 
thus ft meaning two, ftcoXa meant two thousand eight hun- 
dred and thirty one. There seems no reason why such 
a method should not be extended. Why when y is three 
should not ya be thirty-one? and when rj is eight why 
should not rjya be eight hundred and thirty-one, and 
ftrfya be two thousand eight hundred and thirty-one ? 
The number of symbols will be much reduced and yet 
the notation will be as concise as before. Natural as 
such a step seems it was not taken by the Greeks but 
by the Hindoos. The numerical notation which we still 
use seems to have been adopted by the latter people 
about the year 400 a.d. Since long before this time 
the Greek and Hindoo civilizations had come in contact, 
and since the Hindoo astronomy is known to be derived 
from the Greek, it is possible to suppose that we have 
here a continuation of the process commenced by the 
Greeks. The systems of notation we have called Roman, 
Greek and Hindoo, would thus follow each other in his- 
torical as they do in logical succession. 

Using then the symbols i, 2, 3, 4, $, 6, 7, 8, 9, for 
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the first nine numbers we may write 47 for forty-seven, 
the 4 preceding another number meaning not four but 
four tens ; 247 for two hundred and forty-seven, the 2 
preceding two other numbers meaning not two, but two 
hundred ; 2831 for two thousand eight hundred and thirty- 
one, the 2 preceding three other numbers meaning not 
two but two thousand. But how is such a number as two 
thousand and thirty-one to be represented? In order 
that the 2 may still be in the fourth place to the left, 
and thus signify two thousand, we must have some sym- 
bol to fill up the place where the number of the hundreds 
would be if there were any hundreds. The symbol em- 
ployed for this purpose is o. It simply indicates the 
absence of units, tens, hundreds, &c. Thus we may 
write 2031 for two thousand and thirty-one, and in the 
same way 201 for two hundred and one, 20 for twenty. 
The simple rule that the value of a symbol is increased 
ten times by removing it a place further to the left 
enables us to express every number by means of the 
ten symbols o, i, 2, 3, 4, 5, 6, 7, 8, 9. 

Such is the system of notation invented by the Hin- 
doos, and used without alteration for nearly 15 centuries 
at least. It is so perfect that we cannot conceive it 
capable of any further improvement. For in all me- 
thods that have been used of expressing numbers, the 
number is considered to be composed of so many units, 
tens, hundreds, &c. In the spoken language this con- 
stitution is stated in the most obvious way ; we say three 
hundreds and four tens just as we say three apples and 
four pears. But in the written language besides the 
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methods which we have mentioned as the most histori- 
cally important various others have been adopted. There 
must however in all be in the first place some mode 
of expressing the numbers one, two, three, &c., and in 
the second place some mode of expressing tens, hun- 
dreds, thousands, &c. For the first the most concise 
method is to use as many arbitrary symbols as there 
are numbers. The Roman method of writing I, II, 
III,... is, it is true, even simpler, but it is too long to 
be applicable to extended calculations. For the second 
the shortest and simplest way is to write the symbols 
indicating the number of hundreds, tens, units, &c. 
one after another in their proper order. As the order 
already distinguishes hundreds from tens, and tens from 
units, any further distinction in writing would be a su- 
perfluous complication. It follows then that we could 
not adopt any better method of expressing numbers than 
the one we now use. 

When we speak of the hundreds, tens, and units 
following one another in their proper order, we imply 
that there is a definite order of succession for these 
parts of a number. And in fact for all systems of nota- 
tion ever adopted the important rule first pointed out 
by Comte holds : that the larger quantity comes before 
the smaller in the order of alphabetical writing*. Thus 
the Romans wrote CCXXXI though they might without 

* Cantor (p. 12) ascribes this principle to Hankel, and says, 
"this discovery does all the more credit to his penetration, as 
in spite of its great simplicity it had always been overlooked.'* 
It was however given by Comte in his Synihhe Subjective, p. 125. 

C, 1. 
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confusion have written XXXCCI, and the Greeks wrote 
a\a not Xcra. The chief part of the number is mentioned 
first, so that the whole is formed by a sort of gradual 
approximation, just as in stating a distance we men- 
tion the miles before the yards, and the yards before 
the inches. This uniform custom doubtless very much 
facilitated the invention of our modem notation. 

When we say this notation is perfect we refer only 
to the principle on which it is constructed. The special 
base Uh is entirely unconnected with the general prin- 
ciple, and any other number except one might have been 
employed as base. We will mention some numbers that 
have been proposed or used for that purpose. 

The German philosopher Leibnitz suggested the use 
of the ^number two. In that case the symbols i, lo, loo, 

I coo, &c. would each represent a number not ten times 
but double as great as the preceding, that is to say, they 
would represent the numbers one, two, four, eight, &c. 
The series of natural numbers would be written i, lo, 
II, loo, loi, no. III, looo, &c., where we should read 

I I not ten and one, but two and one ; and iii not a 
hundred and ten and one, but four and two and one. 
Every number would thus be expressed by means of 
the two symbols i, o, and there would be no need of any 
addition or multiplication table. But these advantages 
would be far more than counterbalanced by the enor- 
mous length of the calculations. For example, one thou- 
sand would have to be written with ten figures ; thus 

IIIIIOIOOO. 

Comte proposed to use the number seven as base. 
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The symbols i, 10, 100, 1000, &c. would then mean 
one, seven, forty-nine, three hundred and forty-three, 
each number being seven times the preceding. The 
series of numbers would be i, 2, 3, 4, 5, 6, 10, 11, 

12, 13, 14, 15, 16, 20,. ..30,.. .40,.. .50,. ..60,.. .100, &c. and 
we should read 12 seven and two, 234 twice forty-nine, 
three times seven, and four. The multiplication and 
addition table would be much shortened, we should 
only have twenty-five results in each instead of sixty- 
four as at present to remember, while the length of the 
calculations would not be much increased. 

In connection with the spoken language we have 
already mentioned the number twelve as a base of 
the numeral system. We should then read 356 as three 
gross five dozen and six. Two new symbols for the 
numbers ten and eleven would be wanted. If we sup- 
pose these to be / and e the series of numbers would 
be written : i, 2, 3, 4, 5, 6, 7, 8, 9, /, ^, 10, 11, 12, 

13, 14, 15, 16, 17, 18, 19, I/, \e, 20, 21. ..2^, 30,... 
4o,...5o,...6o,...7o,...8o,...9o,.../o,...^,...ioo. This base 
has often been considered the best on account of 
its divisibility by the numbers two, three, four, six. 
This however seems a doubtful advantage, and the 
burden of calculations would be much increased by the 
increased number of symbols. Short multiplication and 
addition tables are desirable for two reasons ; first be- 
cause there are fewer results to be remembered, and 
secondly because in actual practice each result is re- 
peated often and becomes better fixed on the memory. 

Lastly, we may mention, on account of its historical 

2 — ^ 
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interest, the sexagesimal system. There were discovered 
in 18549 at Senkereh, two tablets in Babylonian writing. 
Of these one consists of the series of natural numbers 
as far as sixty with their squares, and the other contains 
the natural numbers as far as thirty-two with their cubes. 
Now the square of eight is written (substituting our 
symbols) 14 and the square of eleven 21. That is to 
say, I in the second place means sixty, and 2 in the 
second place twice sixty or a hundred and twenty. If 
this system were uniformly applied no less than sixty 
distinct symbols would be required. It would of course 
be impracticable to use so many, and a system identical 
in its main features with the Roman is used in conjunc- 
tion with the sexagesimal system in the tablets. Thus 
in Roman symbols we have the square of nine written 
IXXI, that is to say 60 and 21 or 81, and the square 
of ten IXXXX, that is to say 60 and 40 or 100. The 
tablets date from between 1600 and 2300 B.C., so that 
we have in them the earliest known instances of position 
as determining value in arithmetic There is however 
no indication of any symbol for o. It is interesting too, 
to notice that the mode of measuring angles we still 
employ is of such early origin. 
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Examples. 

1. Express by means of multiplication only, the first 
twenty numbers, using as few symbols as possible. 

2. Give instances of popular names for numbers in 
which division or subtraction has been used. 

3. Express two gross, ten dozen and eleven, in terms 
of hundreds, tens, and units. 

4* Express eight hundred and sixty-seven in terms of 
gross, dozens, and units. 

5. In expressing numbers up to a thousand, we re- 
quire the words one, two, three, four, five, six, seven, 
eight, nine, and also ten, hundred, thousand ; that is to 
say twelve words in all. Taking in turn each of the other 
numbers (besides ten) from two to twelve as base, find 
how many words ought to be used in each case. (Hankel, 
p. 18.) 

6. Express on the Roman system as many numbers 
as possible with V and I for five and one. 

7. With five for basis express on the Greek system 
the first twenty-four numbers. 

8. Express 243 in the binary system (with i, o as 
symbols). 

9. Express the binary symbol iiioioi in decimal 
notation. 
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10. Express 921 in the septenary system (with o, i, 
2> 3> 4> S> 6 as symbols). 

11. Express the septenary symbol 643 in decimal 
notation. 

12. Express the duodecimal symbol 18^5 in decimal 
notation {e stands for eleven). 

13. In the notation of Leibnitz only two symbols 
I, o are employed. In the Roman system for numbers up 
to ninety-nine inclusive only two symbols, X, 1, need be 
employed. Compare the number of figures that would be 
required in the two cases for writing down all the num- 
bers up to ninety-nine inclusive. 



CHAPTER II. 

SECTION I. 
Addition. 

Addition is the operation of finding the number of 
objects in two sets of objects taken together when the 
number of objects in each set is known. The most ob- 
vious method of adding is therefore to put the two sets 
together and to count the whole number. Thus to add 
seven and five we put seven objects (strokes for example) 
and five objects together thus, 

lll-IIIMIIII 

and then count all the strokes. As the seven strokes 
have been counted already, we may begin counting with 
the first of the five strokes and say: eight, nine, ten, 
eleven, twelve. We thus find that seven objects and five 
objects together make twelve objects, or, as we may say 
more shortly, seven and five are together equal to twelve. 
The obvious rule then for adding two numbers is to 
count onwards from the first as many numbers as there 
are units in the second number. This would be very 
tedious, and often give rise to error if the numbers were 
at all large. But in that case the mode of naming num- 
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bers that has just been explained suggests at once a much 
better method. We think of a number as made up of units, 
tens, hundreds, &c. It is natural then, when we have two 
numbers to add, to add the units together, the tens to- 
gether, and the hundreds together. For example, if we 
are to add twenty-three, which we may write XXIII, to 
forty-five, which we may write XXXXIIIII, we put the 
units together and the tens together, and thus make 
XXXXXXIIIIIIII, or in words sixty-eight. Without 
using written symbols we may say, to add twenty-three 
to forty-five we first add twenty to forty and get sixty 
(two tens and four tens are six tens) ; then we add three 
to five and get eight ; hence the whole sum is sixty-eight. 

As another example, we may add two hundred and 
thirty- four to three hundred and forty-one. The numbers 
may be written CCXXXIIII and CCCXXXXI, and their 
sum will therefore be CCCCCXXXXXXXIIIII, that is 
to say five hundred and seventy- five. In words, two hun- 
dred and three hundred are five hundred, thirty and forty 
are seventy, four and one are five. 

In these examples the total number of the units was 
less than ten, and the total number of tens less than a 
hundred, but this is not always the case. Suppose, for 
example, we have to add twenty-seven, XXI 1 1 1 1 1 1 to thirty- 
six, XXXIIIIII. The result is XXXXXIIIIIIIIIIIII. 
But instead of IIIIIIIIIIIII we may write XIII, and we 
get then XXXXXX 1 1 1, or sixty-three. In words, twenty 
and thirty are fifty; seven and six are thirteen, but fifty 
and thirteen are sixty-three (five tens and ten and three 
are six tens and three). Similarly when necessary we 
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replace ten tens by a hundred and ten hundreds by a 
thousand. 

We will see now how we should write k sum in addi- 
tion in our modem notation. 

We take the numbers 2789 and 3425. 

Since we have to add the units together, the tens to- 
gether, &c. we write the numbers so that the units of one 
fall under the units of the other, the tens of one under the 
tens of the other, &c. thus : 

2789 

3425 
6214 

Now if we were to add the thousands first we should 
have to correct the number found whenever there were 
more than ten hundreds*; and similarly a correction 
might be necessary if we were to add the hundreds before 
the tens or the tens before the units. This is not im- 
portant when the addition is made in words, but would be 
inconvenient in writing. 

We begin then by adding the units and say, 
Five and nine are fourteen, ten and four. 

We put down 4 in the units' place and say. 

Ten and twenty and eighty are one hundred and 
ten. 

* The sum would then be written somewhat as below : 

2789 

3425 

5104 
III 

6214 * 
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We put I meaning ten in the tens' place and say, 

One hundred and four hundred and seven hundred 
are one thousand and two hundred. 

We put down 2 in the hundreds' place for two hundred 
and say, 

One thousand and three thousand and two thou- 
sand are six thousand. 

We then put down six in the thousands' place, and the 
result is complete. 

But we see that there is no need to make explicit men- 
tion of the tens, hundreds, thousands, &c Whether we 
have to add five hundreds and six hundreds, or five tens 
and six tens, or five units and six units, the result will 
always be to put down i under the 5 and 6 (meaning a 
hundred, ten, or one, as the case may be) and to add i to 
the numbers in the next place to the left (the i meaning 
a thousand, a hundred, or ten, as the case may be). We 
may then say in all cases, 

5 and 6 are 11, put down i and carry i. 

The above example would therefore be worked in 
practice as follows : 

5 and 9 are 14, put down 4 and carry i. 

3 and 8 are 1 1, put down i and carry i (the i is 

added mentally to 2 to make 3). 

5 and seven are 12, put down 2 and carry i. 

4 and 2 are 6. 
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Several numbers can in this way be added together at 

once, as in the following sum : 

133679 
205843 
283471 

560345 

. I 183338 

It is usual in such a sum as this to say, 

5 and I are 6, 6 and 3 are 9, 9 and 9 are 18, put 
down 8 and carry i. 

But all that need be said is, 

5, 6, 9, 18; 5, 12, 16, 23; 5, 9, 17, 23; 2, 5, 10, 13; 
7, 15, 18; 6,8, 10, II. 

When we say 18, we write 8 and mentally add the i to 
the 4 in the next column of figures ; when we say 23, we 
write 3 and mentally add the 2 to the 3 in the next column ; 
and so on. 

In working the fifth column the figures 7, 15, 18 mean 
7 myriads, 15 myriads, and 18 myriads, or one hundred 
thousand and eight myriads. But as has already been 
explained, we may put out of sight altogether the fact 
that the figures mean so many myriads. Whether they 
meant myriads, or thousands, or hundreds, we should 
have to write 8 and add i to the next column of figures. 

We have now seen how numbers are added. The 
fundamental artifice simply consists in bringing together 
the units, the tens, the hundreds, &c. of the numbers to 
be added. This is such an obvious step that it must have 
been taken in the very earliest times, by all nations in 
fact that had arrived at a systematic mode of numeration. 
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A second artifice of much less importance consists in 
dropping all explicit mention of the tens, hundreds, &c. 
This latter improvement only became possible through 
the invention of the Hindoo numeration. For till then 
a different symbol had to be written down according as 
tens, hundreds, &c. were meant. 

The principle of addition, like that of numeration, is 
entirely independent of the number ten, which has been 
chosen as base. For example, if we had to add four 
gross seven dozen and eight to six gross nine dozen and 
eleven, we should collect the gross together, the dozens 
together, and the units together, and say — 

Eight and eleven are nineteen or one dozen and 

seven. 
One dozen and seven dozen and nine dozen are 

seventeen dozen or one gross and five dozen. 
One gross and four gross and six gross are eleven 

gross. 

Hence the sum is eleven gross, five dozen and seven. 

Suppose now we had to add the two numbers written 
below in duodecimal notation (/ and e mean ten and 
eleven) 

85/091 
j6<?7832 

1355903 

We should proceed as follows : 

2 and I are 3, write 3. 

3 and 9 are 10, write o (10 of course means twelve). 
9 and o are 9, „ 9. 
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7 and /are 15, write 5 (seven and ten are seven- 
teen, that is twelve and five). 

10 and 5 are 1$, » 5* 
7 and 8 are 13, „ 13. 

As another example we will add the two numbers 
loiioio, and iiiiioi expressed in the binary notation. 
In this case 10 means the number two. The sum will 
stand as follows : 

lOIIOIO 
IIIIIOI 



IIOIOIII 

I and o are i, o and i are i, i and o are i, i and i are 
10, I and I and i are 1 1, i and i and o are 10, i and i 
and I are 11. 

Here i and i and i are 1 1 in the fifth column may be 
considered an abbreviation for one sixteen and one six- 
teen and one sixteen are one thirty-two and one sixteen. 

The result is easily verified. The first number will be 
found to be ninety, the second a hundred and twenty-five, 
and the whole two hundred and fifteen. 

The method of addition that we have now explained 
requires us to know the sums of numbers lower than the 
basis of numeration. These can always be found by 
direct counting or, what is better, we can construct a table 
once for all and learn the results by heart. The table 
given here shews the sum of any two numbers less 
than 10. 

To find the sums of 6 and 8 for example we look along 
the 6th row and down the 8th column, and in the square 
common to both we find 14 the required sum. 
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To construct the table we divide a square into 9 rows 
and 9 columDS. We then write the numbers 1, 2, 3, &c. 
along the top and down the left-hand side of the square. 
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Next we write in the first row the numbers onwards from 
I in their order 2, 3, 4, &c. till the row is filled up. In 
the second row we write the numbers onwards from 2'in 
their order 3, 4, 5, &c. and so with all the rows. That in 
this way we shall obtain right results is clear ; for adding 
3 to 5 is the same as counting 3 numbers on from 5. Now 
in the 5th row we begin counting numbers on from 5, 
namely 6, T, 8, &c, and when we reach the 3rd column 
we have counted 3 numbers and therefore we shall come 
to 8 the sum of 5 and 3. 
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The question is often asked, Of what character is the 
theorem that 7 and 5 are 12 ? When we unite 7 objectsj 
to 5 objects in order to make 12 objects the union is 
effected entirely in our own minds. The same objects 
completely unaltered even in position may be considered 
7 and 5 on the one hand or 12 on the other, according as 
we choose to count them. The statement 7 and 5 are 12 
expresses then a mental property and no property of ob- 
jects. Let us now add the 7 and 5 together gradually. 
That 7 and i are 8 is a definition, and that 8 and i are 9 
is also a definition. We have then, 

7 and I and i are together equal to 9, 

where the dotted interval means that the 7 and i are to 
be added first and then another i is to be added. Again 
by definition 2 is i and i. Therefore 

7 and 2 are equal to 7 and i and i, 

where the dotted interval means that 7 is to be added to 
the I and i. That 7 and 2 are 9 is then simply equiva- 
lent to the assertion — using algebraical notation — that 

This is a case of a general law that is called in algebra 
the associative law, and is expressed by the equation 
{a + d)+c=a + (d+c) where a, d, c are any three num- 
bers. Assuming this law, we have 7 + 2 = 9, and it fol- 
lows next that 

7 + 3 = 7 + (2 + 1) = (7 + 2)+ I =9+ 1 = 10. 

Again, 7+4=7 + (3 + i) = (7 + 3) + 1 = 10+1 = 11 
7 + 5 = 7 + (4+i)=(7 + 4)+i = ii + i = i2. 
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Thus the theorem 7 and 5 are 12 simply foltows from 
the definition of the numbers and the continued applica- 
tion of the same law. But this law is involved in the 
conception of number. It cannot make any difference to 
the total number of objects formed by 7 objects, 3 objects 
and I object, whether we think of the 3 objects along with 
the 7 objects or along with the i object. 

Now supposing the sum of numbers under 10 to be 
known, what do we assume when we add together two 
numbers over 10, thirty-two and forty-seven for example ? 
When we say thirty-two and forty-seven are seventy-nine 
we evidently assume that three tens and two together with 
four tens and seven are equal to three tens and four tens 
together with two and seven. 

In Algebraical language we assume that 
{a + d) + (c-hd)=(a'¥c) + {d-^d). 

The principle then is, that the total number of objects 
is independent of the order in which those objects are 
mentally arranged, and this includes the associative prin- 
ciple just mentioned. This principle is implied in the 
very definition of number. 

Or we may look at the matter in this way. How do 
we ascertain the identity of meaning of two numerical 
words in different languages, twelve and douze for exam- 
ple ? Clearly by comparing their places in the two series, 
one, two, three, &c. — un, deux, trois, &c. Now that douze 
and twelve are the same is merely a matter of language. 
But instead of counting one, two, three, four, five, six, 
seven, eight, nine, ten, eleven, twelve, we may count one, 
two, three, four, five, six, seven, seven and one^ seven and 
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two, seven and three, seven and four, seven and five. 
That seven and five are identical with twelve is therefore 
just as much a matter of language as that douze is iden- 
tical with twelve. But adding five to seven is simply 
counting on five numbers from seven, and this we do 
when we say seven and one, seven and two, &c. up to 
seven and five. 

The proposition that seven and five are twelve is then 
a necessary consequence of the definitions of the words 
"seven" "and" "five" "twelve." 



SECTION II. 

Subtraction. 

Subtraction consists in finding the number of 
objects left when a known number of objects is taken 
away from another known number of objects. The 
obvious plan is simply to remove the objects that are to 
be removed (or others representing them) and then count 
those that are left. Thus, to take four from thirteen strokes, 
we draw the thirteen strokes and then separate off four 
and cotmt the strokes that are left. 

iiiiiiiii/iiii- 

We find thus that four strokes taken from thirteen 
strokes leave nine strokes, and since this is true for all 
objects we say shortly four from thirteen leaves nine. 
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We may imagine strokes taken away one by one, 
thus, 

iiiiiiiiiiii/i iiiiiiiiiii/ii iiiiiiiiii/ 

iiiiiiiii/ 



and the numbers left will be twelve, eleven, ten, nine. 
We have then this rule for subtraction : Count backwards 
from the whole number of objects as many numbers as 
there are objects to be taken away, the number we come 
to will be the number of objects left. 

If the number to be subtracted is large this rule is 
impracticable. We then however take away the units 
of the number to be subtracted from the units of the 
whole number, the tens from the tens, the hundreds from 
the hundreds. Thus, to take two hundred and thirty-two 
from five hundred and sixty-four we say, two hundred 
from five hundred leave three hundred ; thirty from sixty 
leave thirty ; two from four leave two ; therefore the 
remainder is three hundred and thirty-two. 

In Roman symbols the operation would stand thus, 

ccceexxxxxxi ih. 

Sometimes the number of units in the number to be 
subtracted will be greater than in the whole number. 
In that case, after we have taken away all the units from 
the whole number, we shall have to take away some units 
from one of its tens. 

For this purpose we may suppose one of the tens con- 
verted into units and joined with the remaining units. 
Supposing we have to take twenty-five from sixty-two, we 
think of sixty-two as equivalent to fifty and twelve, and we 
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then say five from twelve leave seven, twenty from fifty 
leave thirty, therefore the remainder is thirty-seven. 
In Roman symbols we should replace XXXXXXII by 
XXXXXIIIIIII«i«, and taking away XXI I II I should 
obtain XXXIIIIIII. 

We will now see how subtraction is performed in our 
modem notation. We will take 2849 from 7561. We 
write the numbers thus ; 

7561 
2849 

4712 

and say, nine from eleven leaves two, forty from fifty 
leaves ten, eight hundred from fifteen hundred leaves 
seven hundred, two thousand from six thousand leaves 
four thousand*. Here we have observed that as we 
cannot take nine from one we must replace sixty-one by 
fifty and eleven, and as we cannot take eight hundred 
from five hundred we must replace seven thousand five 
hundred by six thousand and fifteen hundred. It is clear, 
however, without needing to repeat explanations already 
given, that as in Addition we may omit all explicit men- 

* For the same reason as in Addition we b^n with the units. 
If we began with the thousands the sum would stand thus, 

7561 
2849 

5722 

4 I 

The numbers written above should be rubbed out and re- 
placed by those below them. 
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tion of the tens, hundreds, thousands, &c. We need then 
only say, 

9 from II leaves 2, 4 from 5 leaves i, 

8 from 15 leaves 7, 2 from 6 leaves 4. 

In effecting these operations all we require to know is, 
the remainder left when any of the numbers under ten 
are subtracted from any of the nine numbers next above 
them. These results can be obtained from the addition 
table. To find the difference of 15 and 6 we look along 
the 6th row till we come to 15 ; we then look up the 
column in which 15 is and find 9, the difference required. 

There is another slightly different way in which we 
may look at Subtraction. 

Instead of saying, How many objects are left when we 
take four objects from thirteen objects ? we may say, How 
many objects must we add to four objects in order to 
make thirteen objects ? 

To solve the question we should count onwards from 
four till we come to thirteen ; thus, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen ; and then we should see 
how many numbers had been counted. We thus find 
four and nine make thirteen, or, in other words, four from 
thirteen leaves nine. In the same way, we should ask, 
What number must be added to 2849 to make 7561.'* 
Writing the sum as before we should say 9 and 2 make 
II, 5 and I make 6, 8 and 7 make 15, 3 and 4 make 7. 
It will be noticed that a slight difference is introduced in 
the operation. Before we took 4 from 5 and 2 from 6 : 
now we take 5 from 6 and 3 from 7. The two ways are 
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equally easy, bat it is best to adopt uniformly either the 
one or the other. 

The theorems of subtraction are simply the theorems 
of addition expressed in a different form. The statement 
that 2849 taken from 7361 leaves 4712 is simply a verbal 
alteration of the statement that 2849 and 4712 are to- 
gether equal to 7561. Since then all theorems of addition 
are necessary deductions from the definitions of the 
numbers and the definition of addition, it follows that all 
theorems of subtraction are necessary deductions from 
the definitions of the numbers and the definition of sub- 
traction. 

SECTION in. 
Multiplication. 

To multiply one number by another is to add together 
as many numbers equal to the first as there are units in 
the second. Multiplication is thus a particular case of 
addition, and may be effected by the rules for performing 
the latter operation. 

If we wish to multiply 58672 by 4 we write 58672 
down four times and add the numbers as below. 

58672 
58672 
58672 
58672 



234688 

The result— called the product of the two numbers — 
is found to be 234688. But when the multiplier is large 



38 PRINCIPLES OF ARITHMETIC. 

— ^ — 1 

the direct addition of so many numbers will be laborious 
or even impracticable. The operation may be facilitated 
by arranging the numbers to be added together in groups. 
Just as in counting objects we arrange them in groups 
of ten, groups of a hundred, &c., so in adding equal 
numbers we arrange the numbers as if they were so many 
objects in groups of ten, groups of a hundred, &c. If 
we have to multiply 58672 by 24 we write down 58672 
twenty-four times in the following manner ; 
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586720 586720 

But without performing the operation of addition it is 
easy to find the sum of ten numbers equal to 58672. In 
fact it is the principle of our numeration that every symbol 
is increased in value ten times when moved one place 
further to the left. We have only then to move every 
symbol in the number 58672 one place further to the 
left. This is done by writing a o after the whole number, 
thus, 586720. We have thus multiplied 58672 by ten; 
since we have increased two to twenty, seventy to seven 
hundred, six hundred to six thousand, eight thousand to 
eighty thousand, fifty thousand to five hundred thousand. 
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We must next add the two numbers equal to 586720 

•we have obtained ; thus 

586720 
586720 

I I 73440 

and after that add the result to the number 234688 we 

obtained before as the sum of four numbers equal to 

58672, 

234688 
I 173440 
2408128 

We thus find that 2408128 is the sum of twenty-four 
numbers equal to 58672; or, in other words, 2408128 
is the product of 58672 and 24. 

In the same way, if we had to multiply 58672 by 324 
we should arrange the numbers 58672 in three groups of 
a hundred each, two groups of ten each, and four numbers 
over. Now each symbol is multiplied a hundred times 
by being moved two places further to the left. Hence a 
hundred times 58672 is 5867200. 

We must add together three numbers equal to this. 

5867200 
5867200 
5867200 



I 7601600 

We now add this result to the results previously found 
for twice 586720 and four times 58672. 

234688 

I 173440 

17601600 

19009728 
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We thus find that the product of 58672 and 324 is 
19009728. 

To multiply by any number is therefore reduced to 
multiplying by a number under ten, and the whole arti- 
fice of multiplication consists in this reduction. Now 
in multiplying 58672 by 4, or in adding together four 
numbers equal to 58672, all we require to know is, as we 
saw in Addition, the sum of four numbers each equal in 
turn to 2, 7, 6, 8, 5. If now we can remember these 
sums, that is to say if we can remember the products of 
numbers under 10, we shall avoid the trouble of direct 
addition. The multiplication of 58672 by 324 would then 
stand thus, 

58672 

324 

234688 

1 17344 
176016 

19009728 

and we should say, 

4 times 2 are 8, 4 times 7 are 28, 4 times 6 are 24 
and 2 are 26, 4 times 8 are 32 and 2 are 34, 4 times 
5 are 20 and 3 are 23. 

We next multiply by 2, setting down every figure one 
place further to the left than the corresponding figures in 
the line above. This renders the operation equivalent to 
multiplying by 20. It is unusual to write o after 1 17344, for 
the position of the symbols indicate their value without 
ambiguity. We need not explain the words used in 
multiplying by 2. 
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We next multiply by 3 and write every figure one 
place further to the left than the coTresponding figures in 
the line above, or two places further to the left than the cor- 
responding figures in the number to be multiplied. This 
is equivalent to multiplying by 30a We then add the 
results obtained and find the whole product 1900972S. 

All we now want is to know the products of any two 
numbers under 10. These can be found in the multipli- 
plication table here given. 



I 


2 


3 


4 


S 


6 


7 


S 


9 


2 


4 


6 


8 


10 


12 


14 


i6 


rS 


3 


6 


9 


13 


'S 


18 


21 


24 


2? 


4 


S 


12 


16 


20 


24 


28 


32 


36 


5 


.0 


'5 


20 


25 


30 


35 


40 


45 


6 


12 


iS 


24 


3" 


36 


43 


48 


54 


7 


'4 


2! 


28 


35 


42 


45 


56 


63 


8 


i6 


24 


32 


40 


48 


S6 


64 


72 


9 


18 


27 


JL 


45 


54 


63 


72 


81 



The construction will be easily seen. In the sih row, 
for example, we write down 5 and constantly add 5 to it, 
writing down the results in each successive column, till all 
the columns are filled up. To find 7 times 6 we look 
down the 7th column and along the 6th row and in the 
common square we see 42, the required product 
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The method does not in the least depend on the 
number chosen as basis of the numeral system. If we had 
to multiply 5/68 by 4073 in the duodecimal we should 
write the operation as follows : 

5/68 
4073 



15780 

351/8 
1^28 

1^993640 
and say, 

3 times 8 are 20 (twenty-four is two dozen), 

3 times 6 is 16 and 2 is 18 (eighteen is a dozen 

and six), 
3 times / is 26 and i is 27 (thirty is two dozen and six), 
3 times 5 is 13 and 2 is 15 (fifteen is a dozen and 

three). 

Or, we may multiply in the binary notation no 
by loi. 

The sum will stand thus, 

no 

lOI 



no 
no 

lino 

We verify the result by finding that the multiplied 
number is six, the multiplier five, and the product thirty. 

The reader will see that the simplicity of multiplication 
depends on the fact that to multiply by 10 we have only 
to move all the figures one place further to the left. This 
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property is peculiar to our notation ; in the Greek after 
multiplying by lo an entirely different set of symbols 
would have to be written. Hence it is in multiplication, 
as has been already pointed out, that the special advan- 
tages of our system over all preceding ones first become 
apparent. 



SECTION IV. 
Division. 

To divide one number by another is to find the num- 
ber which when multiplied by the second number be- 
comes equal to the first, or as nearly as possible equal 
while not exceeding the first. 

In more concrete language we may say, If objects 
are divided into classes, each class containing an equal 
number of objects, division consists in finding the num- 
ber of objects in each class when the whole number and 
the number of classes are given. The whole number 
of objects is called the dividend, the number of classes 
the divisor, and the number of objects in each class the 
quotient. It will generally be impossible to distribute all 
the objects equally among the classes. After as many 
objects as possible have been allotted to each class some 
objects will be left over. The number of these objects, 
which will of course be always less than the number 
of classes, is called the remainder. 

As in the former operations we begin by considering 
the most natural and obvious way of performing division. 
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The method constantly used in dividing cards &c among 
several persons is to deal out one card to each person 
in turn, then another, and so on till the number of cards 
left is less than the number of persons. Suppose now 
we wish to divide 12685 loaves of bread among 3947 
persons. 

We give a loaf of bread to each person, and find by 
subtraction that there are 

12685 

3947 
8738 

8738 loaves left. We now deal out another loaf to each 
person and then another, and find that there are suc- 
cessively 4791 and 844 loaves left — 

8738 4791 

3947 3947 

4791 844 

We are thus able to give 3 loaves to each person, and 
we should therefore say that the division of 12685 ^Y 
3947 gives 3 for quotient and 844 for remainder. The 
obvious rule then for dividing one number by another is 
to subtract the latter number as many times as pos- 
sible from the former. The number of subtractions will 
then be the quotient, and the number left after the last 
subtraction will be the remainder. 

When the quotient is large the direct application of 
this method will be troublesome. But it may be easily 
shortened. Suppose we have to divide 83685 loaves 
among 3947 people. From what has been already said we 
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know that ten times 3947 is 394.70, and this is less than 
83685. We may then at once deal out 10 loa^-es to each 
person and shall thus give away altogether 39470 loaves, 

83685 4745 

39470 - 10 39£7- 1 

44215 798 

39470 -10 

4745 

Performing the subtraction we find that there are 442 1 5 
loaves left. We may then deal out 10 loaves more to 
each person and there will be 4745 loaves left. We next 
give one loaf to each person and there will be 798 loaves 
left. We have now altogether dealt out 21 loaves to each 
person. Hence, when 83685 is divided by 3947, the quo- 
tient is 21 and the remainder is 798. 

As another example we ^mU diWde the same number 
83685 by 375. Since 83685 is greater than 37500 we can 
deal out at once 100 objects to each person. The sum 
will stand thus. 



83685 


8685 


1185 


37500- 100 


3750- 10 


375-1 


46185 


4935 


810 


37500- 100 


3750-10 


375-1 


8685 


1185 


435 
375-1 
60 



The quotient is found to be 223 and the remainder 
60. 

We have seen now how Division can be performed 
by means of Subtraction, just as Multiplication can be 
performed by means of Addition. 
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have stood for twenty, if there had been three it would 
have stood for two thousand. But about this we need 
not concern ourselves. Since we write a figure of the 
quotient for every figure of the dividend after 836, at the 
end of the operation the 2 will be sure to stand for the 
right quantity whether it be twenty, two hundred, or two 
thousand. 



Examples. 

1. Count the even and odd numbers forwards and 
backwards up to 100. Count in the same way any 
numbers with a constant interval, such as 2, 9, 16, 23... 
up to 100 and back. These exercises should be practised 
till they can be performed as fast as the words can be 
spoken. 

2. Taking any series of numbers, such as 82505597 
626685362578610647780389, form, beginning with any 
number, the sums obtained by adding the succeeding 
numbers. Thus, beginning at 8 we shall have the sums 
8, 10, 15, 20, 25, 34, 41, &c This is to be done rapidly 
and in words. 

3. Add, beginning with the figures in the highest 
. places, the numbers 4827147, 5186991, 2293656, 2143812. 

4. Subtract, beginning with the figures in the highest 
places, 6697775 from 7926321. 

5. Without using the multiplication table multiply 
229365 by 2063. 
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6. Without using the multiplication table divide 
389748 by 263. 

7. Add in binary notation iiiioioi, loiiooii, 

IIOIOIIO^ lOOOIOII. 

8. Subtract in the same notation loiiooii from 

IIIIOIOI. 

9. Multiply 1000 1 1 by mo. 

10. Verify these examples by reducing to decimal 
notation. 



CHAPTER III. 



Properties of Numbers. 



SECTION I. 

Theorems relating to Addition, Subtraction, 
Multiplication and Division. 

We have said already in the Introduction that Arith- 
metic contained two parts, a part called by the Greeks 
Logistics relating to the expression of numbers in a 
standard conventional form, and another part for which 
the Greeks reserved the name Arithmetic relating to the 
establishment of general theorems concerning numbers. 
We have considered the former part as far as relates to 
operations on whole numbers. We must now turn to the 
latter part before commencing the study of fractions. We 
shall in this section first of all state explicitly and explain 
the fundamental theorems concerning Addition and Multi- 
plication. These theorems have indeed as we shall shew 
been already implicitly assumed in the performance of 
those operations. 
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The fundamental theorems concerning Addition are 

I. The Commutative Theorem. By this is meant 
that when we have two numbers to add together it is 
indifferent whether we add the first on to the second or 
the second on to the first. For instance, if we have 6 and 
3 to add we may either count 3 numbers after 6, thus 
7, 8, 9, or we may count 6 numbers after 3, thus 4, 5, 6, 7, 8,9. 
The result will be the same in both cases, namely 9. 

If the first process be meant by the words 6 and 3, and 
the second process be meant by the words 3 and 6, the 
theorem may be stated in the shortest manner, thus 

6 and 3 are equal to 3 and 6. 

That this must be so is of course obvious. If we join 
6 objects to 3 objects, whether we think of the 6 objects 
first or the 3 objects first, the whole number will be the 
same. 

II. The Associative Theorem. When the number to 
be added is increased the sum is increased by an equal 
amount. 

Thus suppose we have to add 3 to 6, if we increase 
the 3 by 2 and make it 5 we shall increase the sum 9 
by 2 and make it 11. If we indicate the numbers to 
be immediately added by writing them close together and 
separating by a line from the number to be afterwards 
added we may write the theorem thus : 

6 — 3, 2 and 6, 3 — 2 are equal. 

Combining this with the commutative theorem the 
same number may be expressed as the sum of 6 — 2, 3, 
6, 2 — 3 or 8 and 3. 

4—2 
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Another way of stating the associative principle (a way 
which however assumes the commutative principle) is 
this: 

If two numbers are added together^ when one of them 
is increased and the other diminished by the same amount 
the sum is unaltered. 

The two theorems combined give the following which 
includes them both. 

If several numbers be added together their sum is not 
affected by the order in which they are added. 

We now come to the theorems relating to multipli- 
cation. The first of them connects multiplication with 
addition and is 

III. The Distributive Theorem, i. Any multiple 
of the sum of two numbers is the sum of the same mul- 
tiples of each of the numbers, 2. The product formed 
by multiplying one number by the sum of two other 
numbers is the sum of the products that would be formed 
if the first number were multiplied separately by each of 
the two latter numbers. 

According to (i) 3 times 9 is equal to the sum of 3 
times 4 and 3 times 5. 

In fact 3 times 9 is the sum of the numbers 4, 5 — ^4, 
5 — ^4, 5. But by the theorems relating to addition we may 
rearrange the parts of a sum, and write the numbers thus ; 
4, 4, 4 — 5, 5, 5 ; and in this form the sum is equal to 3 
times 4 together with 3 times 5. 
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According to (2), 9 limes 3 is equal to the sum of 4 
times 3 and 5 times 3. 

This is even more obvious. In fact nine threes are 
four threes and five threes, just as nine apples are equal to 
four apples and five apples, nine books to four books 
and five books, &c. 

These three theorems are implied in the operation of 
Addition. We may convert twenty-five and thirty-four 
into fifty-nine by the following steps : 

twenty-five — thirty-four 
twenty-five, thirty — four by II. 
twenty, thirty, five — four by I. and II. 
fifty-five — four by III. 
fifty — nine by 1 1. 

The proof that 7 and $ are 12 we saw depended on the 
continued application of II. 

The next theorem relating to Multiplication is 

IV. The Commutative Theorem. The product of 
two numbers is unaltered by interchanging the multiplying 
and the multiplied number. 

That is to say 7 times $ is the same as 5 times 7. 

This theorem is not quite so obvious as the preceding 
one but it is easily proved. Suppose we have 7 boys 
with 5 apples each, then the total number of apples will 
be 7 times 5. Now we take away all the apples and give 
back each boy his $ in the following manner; we first of 
all give each boy an apple and thus give away altogether 
7 apples ; we then give away another 7 apples giving each 
boy one apple and so on. By the time each boy has his 
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5 apples we shaU have given away 7 apples 5 times. 
Hence 5 times 7 is the same as 7 times 5. 

This may also be shewn by arranging dots as follows : 



Here the whole number of dots consists of 7 columns 
containing 5 each, and also of 5 columns containing 7 
each. 

Owing to this law the two forms of the distributive 
law become equivalent. 

V. The Associative Theorem. When two numbers 
are multiplied together^ if the multiplier be increased 
any number of times the product is increased the same 
number of times. 

For instance 6 times 7 is 42. Now increase the 6 
5 times and we have 30 times 7, and this will be equal to 
5 times 42. 

To prove this arrange the 7s as here shewn, and imagine 
them added. 

7 
7 
7 
7 
7 

The first row is 6 times 7 or 42. Therefore the whole 
number is 5 times this or 5 times 42. But the whole 



7, 7, 7, 7, 7, 

7, 7, 7, 7, 7, 

7, 7, 7, 7, 7, 

7, 7» 7, 7, 7, 

7, 7, 7, 7, 7, 
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number of 7s is 30. Hence 30 times 7 is equal to 5 times 
42. Or we may say at once five times six sevens are 
thirty sevens just as five times six books are thirty books, 
&c. The associative theorem and the second part of 
the distributive theorem unlike the commutative theorem 
and the first part of the distributive theorem do not 
involve a rearrangement of the numbers to be added, 
or in other words do not depend on the associative and 
commutative theorems for addition. 

The associative theorem for multiplication may be 
stated in the following way (a way which however involves 
the commutative theorem). 

If the multiplying numbers be increased and the 
multiplied number diminished an equal number of times 
the product is unaltered. 

By combining the two theorems we arrive at the 
following result which includes them both. 

When several numbers are multiplied together the 
product is unaltered by the order in which they are 
multiplied. 

These theorems are implied in the multiplication of 
two numbers. Thus in multiplying 46 by 32, we first of 
all multiply by 2 and then by 30. This involves III. (2). 
When we multiply 46 by 2, we multiply the 6 and after- 
wards the 40 according to III. (i). Lastly in multiplying 
32 by 40, we make 40 times 32 equal to 4 times 320 
according to IV. and V. 

We shall often have occasion hereafter to refer to these 
theorems I. II. III. IV. V. We shall see that they form 
the basis of all arithmetical and algebraical reasoning. 
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With reference to Subtraction and Division we may 
point out that there are two ways in which these questions 
may be put. When we wish to subtract 3 from 9 we may 
either ask (i), What number must 3 be added to in order 
to make 9 ? or (2) What number must be added to 3 in 
order to make 9 ? That the answer to the two questions 
will be the same is clear from the commutative law of 
addition (I.), but each question indicates a distinct method 
of performing the operation. The first would lead us 
if we had 9 objects to remove the 9th, the 8th and the 
7th, and leave 6 objects. For in reversing this process we 
should put back the 7th, the 8th and the 9th ; that is 
we should add 3 objects to 6 objects. The second would 
lead us to take 3 objects and then add a 4th, a $th, a 6th, 
a 7th, an 8th, a 9th. In this way we shall be adding 6 
objects to 3 objects. The distinction between the two 
methods has already been pointed out in Subtraction, 

There are also two modes in which the question of 
division may be put. We may either say (i ) What number 
must be multiplied by 5 in order to make 20 ? or (2) What 
number must 5 be multiplied by in order to make 20? 
The distinction is better seen if the questions be put in a 
more concrete form. We may say (i) If twenty books be 
divided into 5 equal portions how many books will there 
be in each portion? or (2) If there be 5 books in each 
portion how many portions must be taken in order to make 
up 20 books ? In the first question we divide a concrete 
number 20 books by an abstract number 5, and obtain as 
answer a concrete number 4 books. In the second question 
we divide a concrete number 20 books by a concrete 
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number 5 books, and obtain as answer an abstract number 
4. The first is the most natural way of looking at 
division. The second is the way we look at division 
when we come to perform the arithmetical operation. 
The difference is important in the case of fractions. 

From the fundamental properties of Addition and 
Multiplication many properties of Subtraction and Divi- 
sion may be derived. Some of these will be given in the 
examples. 

As an example of the properties of multiplication we 
may prove the following simple rule for the multiplication 
of numbers between 10 and 20 : 

Add the numbers standing in the units' place and 
multiply the sum by 10. To this result add 100 and to 
the whole add the product of the numbers in the units' 
place. The sum will be the product required. 

Thus to multiply 17 and 18 add 7 and 8 and multiply 
by ro. The result is 150. Add 100 and we have 250. 
Add 56 the product of 7 and 8 and we have 306, the 
required product of 17 and 18. 

In fact 17 times 18 is equal to 10 times 18 together 
with 7 times 18. 

Now 10 times 18 is equal to 100 and 80. 

And 7 times 18 is equal to 70 and 56. 

Therefore the whole product is equal to the sum of the 
four numbers 

100, 80, 70, 56, 
or to the sum of 100, 150, 56, 

and these are the numbers the rule requires us to add. 
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SECTION 2. 
Greatest Common Measure. 

The Greatest Common Measure of two numbers is 
the greatest number that will divide them both without 
remainder. 

Thus the greatest common measure of 9 and 15 is 3. 
For 3 divides 9 exactly giving 3 for quotient, and also 
divides 15 exactly giving 5 for quotient. But no higher 
number than 3 divides both 9 and 15. Similarly 13 is 
the greatest common measure of 39 and 104 since 13 
is the greatest number that divides both 39 and 104 
exactly. 

Before we shew how to find the greatest common 
measure of two numbers we must first prove two theorems 
relating to division. 

I. If one number is divisible by another then any 
multiple of the first will also be divisible by the second. 

This is really included in theorem (V) of the preceding 
section. For example, 39 is a multiple of 13 and contains 
13 three times. It follows that double, treble, quadruple 
39 &c. will contain 13 twice three, three times three, four 
times three times &c. respectively. We may write 39 
thus (i'3, 13, 13). Then any multiple of 39, for example 
five times 39, may be written 

(13, I3> 13) (i3» I3> 13) (13, 13, 13) (13, i3> 13) (13, 13) 13), 
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and is thus seen to consist of a sum of 13s and to be 
therefore divisible by 13. So any other number divisible 
by 13 could be represented by a heap of 13s, and any 
multiple of this number could be represented by several 
equal heaps. The multiples would therefore also con- 
sist of 1 3s. 

2. If two numbers are both divisible by another num- 
ber, then their sum or difference is also divisible by that 
number. 

This is really included in the distributive theorem 
(III.) of multiplication. 65 is a multiple of 13 being 
5 times 13, and 39 is a multiple of 13 being 3 times 13. 
The sum 104 will be 8 times 13 and the difference 26 
will be twice 13. So that both sum and difference are 
multiples of 13. As before, any other two multiples 
of 13 might be represented by two heaps of 13s and the 
sum and difference of those two multiples would also 
be represented by heaps of 13s. 

As it is very important these theorems should be 
understood we will illustrate them in another way. We 
will suppose our numbers to be represented by so many 
pence. Then any number divisible by 12 will be repre- 
sented by a certain number of shillings. Now the mul- 
tiple of any number of shillings is also a certain number 
of shillings, and the sum and difference of two numbers 
of shillings will likewise consist only of shillings. If we 
reduce these shillings to pence we shall be led to say — 
The multiple of any number divisible by 12 is also divis- 
ible by 12, and the sum and difference of two numbers 
divisible by 12 are themselves divisible by 12. 
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We will now endeavour to find the greatest common 
measure of 63 and 140. We first of all find the quo- 
tient when 140 is divided by 63. This is 2. Now 63 
multiplied by 2 is 126 and any number which divides 
63 exactly will divide 126. Take 126 from 140 the dif- 
ference is 14, and any number which divides 126 and 
140 will divide 14. Hence the numbers which divide 
140 and 63 divide also 14. And conversely the numbers 
which divide 63 and 14 divide also 140. For any num- 
ber dividing 63 must divide 126, and any number di- 
viding 126 and 14 must divide their sum 140. 

We must now then find the highest number which 
divides both 63 and 14. We repeat the former opera- 
tion. The quotient is 4 ; 4 times 14 is 56 ; and the 
difference of 63 and 56 is 7. By the same reasoning 
as before we shew that any number which divides both 
63 and 14 divides 7, and any which divides both 7 and 
14 divides 63. Now 7 divides both 7 and 14, and clearly 
no greater number than 7 can divide 7 itsel£ Hence 
7 is the greatest number which divides both 63 and 140, 
or, in other words, 7 is the greatest common measure 
of 63 and 140. 

We may write the operation thus 

63) 140 (2 
126 

"^4) 63 (4 
56 
7) 14 (2 
ii 

We divide 140 by 63 and the remainder is 14 ; we 
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next divide 63 by 14 and the remainder is 7. 7 divides 
14 without remainder and is therefore the greatest com- 
mon measure. 

As another example let us find the G.C.M.* of 5872 
and 7000. 

The work will stand thus ; 

5872) 7000 (i 
5872 

1 128) 5872 (s 
5640 

232) 1 128 (4 
928 

200) 232 (i 
200 

32) 200 (6 
192 

~8) 32 (4 
32 

The reasoning implied is briefly 

The G.CM. of 7000 and 5872 is the G.c.M. of 5872 
and 1 1 28. 

The G.CM, of 5872 and 1128 is the G.C.M. of 1128 
and 232. 

The G.CM. of 1 128 and 232 is the G.CM. of 232 
and 200. 

The G.CM. of 232 and 200 is the G.CM. of 200 
and 32. 

The G.CM. of 200 and 32 is the G.CM. of 32 and 8. 

The G.CM. of 32 and 8 is 8, the number required. 

* G.CM. is used as an abbreviation for greatest common 
measure. 
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If we wish to find the highest number which divides 
three given numbers we may find the highest number 
which divides any two of them and then find the highest 
number which divides both the number just found and 
the third given number. Thus, if we want to find the 
G.C.M. of 150, 45 and 63, we find first the G.CM. of 45 
and 150. 

45) 150(3 
135 

15) 45 (3 
45 

It is 15. We next find the G.CM. of 15 and 63. 

15) 63 (4 
60 

3) 15 (5 
15 

It is 3. 3 is then the required G.CM. of the numbers 
150? 45» ^3' ^^ ^2,ct any number which divides 150 
and 45 must divide 15. Therefore any number which 
divides 150, 45 and 63 must divide 15 and 63. But 3 
is the highest number which divides 1 5 and 63. Hence 
3 is the highest number which divides 1 50, 45 and 63. 

The rules for finding the G.CM. of two numbers and 
of three or more numbers are given by Euclid in the 
2nd proposition of the 7th book of his "Elements." 
The method is placed here in the theoretical part of 
Arithmetic because unlike the four fundamental opera- 
tions it has no relation to any mode of numeration. 
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SECTION 3. 
Prime Numbers and Composite Numbers. 

A Prime Number is a number which can only be 
divided by itself and by unity. 

Thus the numbers i, 2, 3, 5, 7, 11, 13, 17, &c. are 
prime numbers. 

A number divisible by other numbers besides itself 
and unity is called a composite number. 

The numbers 4, 6, 8, 9, 10, 12, 14, 15, 16, &c. are 
composite numbers. 

If one number divides another number exactly, the 
first number is said to be ^factor of the second number. 

Thus 2 is a factor of 4, 2 and 3 are factors of 6, 3 and 
5 are factors of 15. 

Any composite number can be expressed as a product 
of prime numbers, and these are called its prime factors. 

For since a composite number is divisible by some 
other number, the other number and the quotient form 
two factors whose product is equal to the original number. 

These two factors in their turn if not prime can be 
resolved into other factors, and we may proceed in this 
way till we have only prime factors. 

Thus 1062 is divisible by 2. On dividing we find 
1062 to be the product of 2 and 531. 

In its turn 531 is found to be the product of 9 and 59. 
Lastly, 9 is the product of 3 and 3. 
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Therefore 1062 is the product of the four prime num- 
bers 2, 3, 3, 59. 

How do we know that 59 is a prime number ? We try 
the numbers in succession to see if any will divide it 
exactly. 2 will not, 3 will not There is no need to try 
4, for clearly a number which was divisible by 4 would 
have been divisible by 2. 5 will not divide 59. There is 
no need to try 6, for a number which was divisible by 6 
would have been divisible by both 2 and 3. 7 will not 
divide 59. For the same reasons as before there is no 
need to try 8, 9 or 10. We can easily see that 1 1 will not 
divide 59, but we may shew at once that there is no need 
to try II or any higher number. For since 1 1 when mul- 
tiplied by itself gives 121, a number greater than 59, it is 
clear that 59 when divided by 1 1 or any higher number 
must give for quotient a number less than 11. This 
number must either be prime or else composed of prime 
factors which of course will be less than 11. So that if 59 
were divisible exactly by 1 1 or any higher number, it would 
be divisible by some prime number lower than 1 1. But 
we have shewn that this is not the case. It follows then 
that 59 is divisible by no othet number than itself and 
unity, and is therefore a prime number. 

As a further illustration of the method of trying 
whether a given number is prime or not we will take 173. 
We find that 17 multiplied by itself gives 289, a number 
greater than 173. We need then only try the prime 
numbers less than 17. These are 2, 3, 5, 7, 11, 13. On 
trial none of these numbers is found to divide 173. 

173 is therefore a prime number. 
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Now let us find the prime factors of 1105. We try in 
succession the prime numbers 2, 3, 5, &c. to see which 
will divide 1 105. We find that 5 will and the quotient is 
221. We find again that 13 is the first prime number that 
will divide 221 and 17 is the quotient. 1105 is therefore 
the product of 5, 13, and 17. 

There is a method of finding all the prime numbers 
below a given number known as the " Sieve of Eratos- 
thenes*," from the name of its inventor. 

Suppose we wish to find all the prime numbers up to 
50. We write down- all the odd numbers less than 50, 
beginning at 3 ; thus, 

3, 5» 7, 9, II) 13, **, 17, i9>^> 23, ^5, 3f, 29, 31, 
35,#S=, 37, 39> 41, 43,^, 47, 49- 

We then count i, 2, 3, beginning with the 5 and 
strike out every 3rd number. In this way we eliminate 
all the numbers divisible by 3. Next we count on 
from 5 beginning at 7 and strike out every 5th number, 
not omitting those that have been struck through al- 
ready. Lastly, we begin counting at 9, and strike out 
every 7th number. The numbers now left are not divis- 
ible by 2, 3, 5 or 7 and they are less than 50. Hence 
they must be prime numbers. Joining the numbers i, 2 
on to them we have for the series of prime numbers 
up to 50, 

I, 2, 3, 5,7, II, 13, 17, 19, 23, 29, 31, 37,41,43,47. 

* Eratosthenes was bom 275 B.C. and died 194 B.c. He 
passed the greater part of his life at Alexandria and is chiefly 
distinguished for his attempt to measure the diameter of the 
earth. 

C 5 
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We need really only begin at 25 in striking out 
numbers divisible by 5, and at 49 in striking out numbers 
divisible by 7. This modification would save some 
trouble when the method is applied to finding a long series 
of prime numbers. Without going further than striking 
out 7th numbers we can find all the prime numbers up to 
121 and without going further than striking out i ith num- 
bers we can find all the prime numbers up to 169. 

The reader will easily see the propriety of the name 
" Sieve." 

Two numbers are said to be prime to one another when 
they have no common factor except unity. 

Thus 24 and 35 are prime to one another. If we 
perform the operation for finding the G.C.M. on such 
numbers the last divisor must be i, since only i divides 
both numbers. With 24 and 35 the operation stands 
thus : 

24) 35 (I 
24 

11) 24 (2 
22 

2) II (5 
10 

1)2(2 

2_ 

We may prove from this an important theorem. 

If a number is prime to each of two other numbers it 
is also prime to their product. 

For example, 24 is prime to 17 and 35, and it is to be 
proved that 24 is prime also to their product 35 times 17. 
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Any number which divides 24 must divide 24 times 
17, and if the number divides 35 times 17 also, it will 
divide the g.CM. of 24 times 17 and 35 times 17. Now 
if we multiply by 17 the successive remainders and 
divisors that occur in the operation of finding the G.CM. 
of 24 and 35, we shall have performed the operation of 
finding the G.CM. of 17 times 24 and 17 times 35. Since 
then the last divisor in the former operation was i, the 
last divisor in this operation is 17, and 17 is therefore the 
G.CM. of 17 times 24 and 17 times 35. 

The work will stand thus ; 

408) 595 (I 
408 

187) 408 (2 

374 

34) 187 (5 
170 

~I7) 34 (2 

Here any number which divides both 24 and 17 times 
35 will also divide 17. 

But there are no numbers which divide both 24 and 
1 7 ; therefore there are no numbers which divide both 24 
and 17 times 35, or in other words 24 is prime to the 
product of 17 and 35. 

The proof will perhaps be clearer if we repeat the 
reasoning given in the explanation of the rule for finding 
the G.CM. of two numbers. 

It is required to find the common factors if any of 24 
and 17 times 35. 

5-2 
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Any factor of 24 will be also a factor of 17 times 24. 

Any factor of 17 times 35 and 17 times 24 will be a 
factor of their difference 17 times 11. 

Any factor of 17 times 11 will be a factor 17 times 22. 

Any factor of 17 times 22 and 17 times 24 will be a 
factor of 17 times 2. 

Any factor of 17 times 2 will be a factor 17 times 10. 

Any factor of 17 times 10 and 17 times 11 will be a 
factor of their difference 1 7. 

Therefore the common factors of 24 and 17 times 35 
are also common factors of 24 and 17. 

But these last numbers have no common factors. 
Therefore 24 and 17 times 35 have no common factor 
and are prime to one another. 

Exactly the same reasoning shews that when we wish 
to find the G.CM. of any two numbers we can divide 
either of these numbers by any factor prime to the other. 
For instance, suppose we wish to find the g.C.m. of 24 
and 60 times 35. By simply changing the word 17 into 
60 in the preceding passage we can prove that the 
G.CM. of 24 and 60 times 35 is the same of the g.C.m. of 
24 and 60. Here 35 a factor of the second number is 
prime to 24 the first number, and in consequence we can 
divide the second number by 35. 

We can often by this means materially shorten the 
process of finding the G.CM. of two numbers. We may 
take the numbers before given 5872 and 7000 as an illus- 
tration. 

Since 7 is prime to 5872 the G.CM. of 5872 and 70CXD 
is the same as the G.CM. of 5872 and 1000. 
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Since 5 is prime to 5872 the G.C.M. of 5872 and 1000 
is the same as the G.C.M. of 5872 and 200. 

Dividing twice again by 5 the question is reduced to 
finding the G.C.M. of 5872 and 8. 

Now 5872 is divisible by 8 and 8 can be divisible by 
no greater number than itself. 

Hence 8 is the G.C.M. required. 

Again, let us find the G.C.M. of 504 and 70. 

504 is divisible by 9 and 9 is prime to 70, therefore 
the G.C.M. of 504 and 70 is the same as the G.CM. of 56 
and 70. 70 is divisible by 5 and 5 is prime to 56. 
Therefore we have to find the G.C.M. of 56 and 14. Now 
14 divides 56. 

Hence 14 is the G.C.M. required. 

We may prove also in the same way that if two 
numbers be both multiplied by the same number their 
G.CM. will also be multiplied by that number. 

For example, the G.C.M. of 49 and 63 is 7 ; the G.C.M. 
of 5 times 49 and 5 times 63 will be 5 times 7. In fact 
to find the G.CM. of the last pair of numbers we have 
only to multiply by 5 the divisors, dividends and re- 
mainders obtained in the operation for finding the G.C.M. 
of the first. The work in the two cases will stand thus : 

49) 63 (I 245) 315 (I 

_4? 245 

14) 49 (3 70) 245 (3 

42 210 

7) 14 (2 35) 70 (2 

14 70 

We have now another means of simplifying the opera- 
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tion of finding the G.CM. of two numbers. We divide 
the numbers by any factor common to both and after- 
wards multiply by that factor the G.CM. of the two 
quotients. The process of division by common factors 
may be repeated and may often easily be continued till 
the final quotients are seen to have no further common 
factor. In that case the G.CM. of the original numbers 
will be the product of all the factors by which we have 
divided. 

Take the numbers 5872 and 7000 once more. 
They are both divisible by 4, so we must find the 
G.CM. of 1468 and 1750. 

These numbers in their turn are divisible by 2 and the 
quotients are 734 and 875. 

Now we can easily shew that 734 and 875 have no 
common factors. For 734 is prime to 5 and therefore to 
25 the product of 5 and 5. Being prime to 5 and 25, 
734 is prime to their product 125. Lastly, 734 is prime to 
7 and therefore to 875 the product of 7 and 125. Since 
then the final quotients 734 and 875 have no common 
factor the G.CM. of the original numbers 5872 and 7000 
is 8 the product of 2 and 4. 

Both these modes of simplification may be combined. 
We may break up each of the numbers into prime factors 
and then select those factors which are common to both, 
and their product will be the G.CM. of the two numbers. 
For instance 420 is the product of the prime numbers 2, 
2, 3, 5, 7 and 161 7 is the product of the prime numbers 3, 
7, 7, II. The factors 3,7 occur in both cases: their 
product is therefore the G.CM. of 420 and 161 7. 
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We will in conclusion prove two important theorems 
relating to prime numbers. The first is this : 

In whatever mode a number be resolved into its prime 
factors the final result will always be the same. 

For instance, we may say 617 is the product of 3 and 
539; 539 is the product of 7 and Tj. yy is the product of 
7 and II ; so that 1617 is the product of 3, 7, 7, 11. But 
we may say instead 161 7 is the product of 11 and 147; 
147 is the product of 3 and 49 ; 49 is the product of 7 and 
7; so that 1617 is the product of 3, 7, 7, 11. The prime 
factors we obtain at last 3, 7,7,11 will be the same which- 
ever way we proceed. The prime numbers are the same, 
and each occurs the same number of times in both cases. 

If a number could be resolved into prime factors in 
two different ways we should have the products formed 
by multiplying two different sets of prime numbers equal. 
Divide by the factors that are common to both sets ; the 
products of the numbers that are left will be equal. Take 
any one of these numbers ; it obviously divides one pro- 
duct and must therefore divide the other product. But 
this is impossible, for it is prime to each of the factors 
entering into the product and therefore it is prime to the 
product itself. Hence the products formed by multiply- 
ing two different sets of prime numbers cannot be equal, 
and a number cannot be resolved into prime factors in two 
different ways. 

We may repeat the reasoning with actual numbers. 
Without actually multiplying we may shew that the pro- 
duct of the numbers 2, 3, 3, 3, 5, 5, 7, 7^ 11 cannot be 
equal to the product of the numbers 2, 2, 3, 5, 5, 5, 5, 11, 
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1 1. For if these two products were equal we should have, 
dividing by the common factors 2, 3, 5, 5, 11, the product 
of the numbers 3, 3, 7, 7 equal to the product of the num- 
bers 2, 5, 5, II. But this is impossible, for 3 divides the 
first product and cannot divide the second since it is 
prime to each of the factors 2, 5, 5, 11. 

The second theorem is this : 

However great a prime number be given it is always 
possible to find one greater. 

It may be stated in simpler words thus : 
The series of prime numbers is unlimited. 
Or thus : 

There is no last prime number. 

To prove this we take all the prime numbers up to 
the given prime number and multiply them together. We 
then add one to the result. We thus obtain a number 
not divisible by any of the prime numbers we have taken 
since division by any of these leavea a remainder i. This 
number must then either be a prime number or else can 
be resolved into prime factors which will not belong to 
the series of prime numbers written down. In either case 
we obtain a prime number greater than the given prime 
number. 



SECTION 4. 

Least Common Multiple. 

(/ A common multiple of several numbers is a number 
which is divisible by all these numbers. 



LEAST COMMON MULTIPLE. 73 

The least common multiple of several numbers is the 
least number which is divisible by all these numbers. 

For instance 60, 120, 180, 240 are common multiples 
of 12 and 15, and 60 is the least common multiple of 12 
and 15. 

To find the L.CM.* of two numbers we may resolve 
each number into prime factors and then multiply all the 
prime factors together, not repeating however the factors 
which occur in both numbers. 

Thus the prime factors of 12 are 2, 2, 3, and those of 
15 are 3, 5, and to find the L.C.M. of 12 and 15 we mul- 
tiply together 2, 2, 3, 5, writing only once the 3 which is 
a factor of both numbers. 

To find the L.C.M. of 420 and 16 17 we resolve 420 
into its prime factors 2, 2, 3, 5, 7 and 161 7 into its prime 
factors Ztl^li i'- We then multiply together the num- 
bers 2, 2, 3, 5, 7, 7, 1 1, not repeating the factors 3, 7, when 
we come to write down the factors of the second numbers 
because they have already been written among the factors 
of the first. The L.CM. of 420 and 16 17 is thus found 
to be 32340. 

Before proving the method just given we may re- 
mark that it is equivalent to multiplying all the factors 
2, 2, 3, 5. 7, 3, 7, 7, II, and then dividing by the fac- 
tors 3, 7 common to both numbers ; that is to say it is 
equivalent to multiplying the two numbers together and 
dividing the product by their greatest common measure. 
The L.C.M. of two numbers is then the result of dividing 

* L.CM. is an abbreviation for least common multiple. 
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their product by their G.C.M., or in other words the pro- 
duct of the L.C.M. and the G.C.M. of two numbers is 
equal to the product of the number themselves. In this 
case the product of 32340 and 21 is equal to the product 
of 420 and 1 617. 

Now it is obvious that the product of all the factors 
2) 2, 3, 5, 7, 7, II, is a multiple of the product of the fac- 
tors 2, 2, 3, 5, 7 and also of the product of the factors 
3, 7, 7, II. 32340 is then a common multiple of 420 and 
1617, but how do we know it is the least common mul- 
tiple ? 

To shew this, we must prove the following theorem : 

If a number be divisible by each of two numbers 
prime to one another it is also divisible by their product. 

Thus 8 and 15 both divide 2280, and we have to prove 
that 2280 is also divisible by their product 120. Since 8 
divides 2280 the g.CM. of 8 and 2280 is 8 itself. Now 
we saw in the last section that before finding the o.CM. 
of two numbers we may divide either of these by any 
factor prime to the other. But 15 is prime to 8 ; hence 
dividing 2280 by 15 we see that the G.CM. of 8 and 152 
is 8 itself. 8 then divides 152, and therefore 15 times 8 
divides 15 times 152. 

Or we may repeat the proof before given to shew that 
8 being prime to 15 and dividing 15 times 152, it must 
divide 152 itself. 

8 obviously divides 8 times 152; since then it divides 
15 times 152 it must divide the difference 7 times 152. 
Again since 8 divides 7 times 152 and 8 times 152 it will 
divide their difference 152 itself. 
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Having proved then that any common multiple of 8 
and 15 is also a multiple of 120 their product, it is clear 
that the least conmion multiple of 8 and 15 will be that 
very product 1 20. Take now a third number 7 for exam- 
ple, prime to each of the preceding numbers, then we 
may shew that any number divisible by 8, 15 and 7 is 
divisible by their product 840. For any number divisible 
by 8 and 15 is divisible by 120, and since 8 and 15 are 
both prime to 7 their product 120 is prime to 7, so that 
any number divisible by 120 and 7 is divisible by 840, the 
product of these numbers. Hence the least common mul- 
tiple of the three numbers 8, 1 5, 7 is their product 840. By 
proceeding in this way we may shew that however many 
numbers we take, if these be all prime to one another, 
their least common multiple will be their product. 

We will now return to the numbers 420 and 161 7. 
Since 420 is the product of 4, 3, 5, 7 any number divisible by 
420 must be divisible by each of the numbers 4, 3, 5 ; and 
since 1617 is the product of 3, 49, 11 any number divisible 
by 1 61 7 must be divisible by each of the numbers 49, 11. 
It follows then that any number divisible by both 420 and 
161 7 must be divisible by all the numbers 4, 3, 5, 49, n. 
Now these numbers are all prime to one another, and 
therefore the least number divisible by all of them is their 
product 32340. No common multiple of 420 and 161 7 
can be less than 32340, and we have already seen that 
32340 is a common multiple of 420 and 1617. Hence 
32340 is the least common multiple of 420 and 1617. 

As another example we will find the l.cm. of 320 
and 700. 
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The factors of 320 are 64 and 5, and the factors of 700 
are 7, 4 and 25. We reject the 5 since it is a factor of 25 
and the 4 since it is a factor of 64. We multiply to- 
gether all the other factors, namely 64, 7 and 25. The 
number so obtained is clearly divisible both by the pro- 
duct of 64 and 5, and by the product of 4, 7, and 25. 
Again, since 64, 7 and 25 are prime to one another the 
least number divisible by all of these numbers is their 
product 1 1 200. Hence 11 200 is the required L.C.M. of 
320 and 700. 

We see once more that the L.C.M. of two numbers is 
equal to the product of the numbers divided by their 
G.C.M. For multiplying the factors 64, 7, 25 together is 
equivalent to multiplying all the factors of both numbers 
together, namely 64, 5, 4, 25 and then dividing by the 
factors 5, 4. But since these factors are common to the 
two numbers their product 20 is the G.C.M. in question. 

When we wish to find the L.C.M. of several numbers 
we may take any two of them and find their L.C.M., then 
combine the result with a third number and find their 
L.CM. and so on. A more convenient method in prac- 
tice is that indicated below. 

2 I 6, 14, 18, 24, 30, 5 6 



3 


3 


7 


9 12 
3 4 


15 28 


7 


I 


7 


5 28 


4 


I 


I 


3 4 


5 4 



I I 3 I 5 I 

Here we wish to find the L.C.M. of 6, 14, 18, 24, 30, 
56. We write the numbers down in a row and divide 
them by any numbers which will divide more than one. 
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In this case we begin with 2 and write down the quotients 
in the line beneath. We next divide as many numbers 
as possible by 3, and those numbers such as 7 and 28 
which cannot be divided by 3 we write down unaltered. 
We continue the process till the numbers left are all prime 
to one another. The divisors must be either actually 
prime like 2, 3, 7, or else hke 4, prime to those numbers 

3, 5 which they do not divide exactly. The product of 
all the divisors and the numbers in the last row is the 
L.C.M. required. In this case the L.C.M. is the product 
of 2, 3, 7, 4, 3, 5 or 2520. The reader, from what has 
been said concerning the L.CM. of two numbers, will 
find no difficulty in supplying the proof of the rule. 

Theorem Relating to Whole Numbers 

continued. 

In this section we shall only give one or two simple 
theorems concerning whole numbers which have not yet 
been mentioned. 

If we add all the divisors of a number including 
unity but excluding the number itself the sum will in 
certain cases be equal to the original number. In these 
cases the number was called by the Greeks "perfect." 
Thus 6 is a perfect number because the divisors of 6 
are i, 2 and 3, and 6 is equal to the sum of i, 2 and 3. 

Euclid, in the last proposition of the 9th book of 
the "Elements'* gives a simple rule for finding perfect 
numbers. Take any number of terms of the series i, 2, 

4, 8, 16,... where each term is double the last and add 
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them all together. The sum will in certain cases be a 
prime number. When this is so, multiply the sum by 
the last term and we shall have a perfect number. 

For instance the sum of i and 2 is 3, a prime number. 
Multiply this sum 3 by 2 and we have 6 a perfect 
number. 

The sum of i, 2 and 4 is 7, a prime number. Mul- 
tiply this sum 7 by 4 and we have 28, a perfect number. 
In fact 28 is the sum of its divisors i, 2, 4, 7, 14. 

The sum of i, 2, 4 and 8 is 15, which is not a prime 
number. 

The sum of i, 2, 4, 8, 16 is 31, a prime number. Mul- 
tiply 31 by 16 and we have 496, a perfect number. 

When the sum of the divisors was greater than the 
number itself, the number was considered to have too 
many divisors and was called ** excessive." If the sum 
of the divisors was less than the number itself the num- 
ber was called "defective." Thus 12 is an excessive 
number since the sum of its divisors i, 2, 3, 4, 6 is 16 
and 8 is a defective number since the sum of its divisors 

I, 2, 4 is 7. 

Numbers so related that each is equal to the sum 
of the divisors of the other were called " friendly " or 
" amicable." 

Thus 220 and 284 are two amicable numbers since 
the divisors of 220 are i, 2, 4, 5, 10, 11, 20, 22, 44, 55, 
1 10 and their sum is 284, while the divisors of 284 are 
I, 2, 4, 71, 142 and their sum is 220. 

These definitions are only of historical interest. The 
following theorem is however of more importance. 
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If we take as many consecutive numbers as we please 
beginning with any number, the product of these num- 
bers will always be divisible by the product of the same 
number of consecutive numbers beginning with one. 

Thus the product of any four consecutive numbers 
such as 7, 8, 9, 10 is divisible by the product of the 
numbers i, 2, 3, 4. 

The theorem is obvious for two numbers. In fact 
one of the numbers must be even, and hence their pro- 
duct will be even also. If we have three consecutive 
numbers it is easy to see that one of them must be 
divisible by 3. Hence the product of the numbers will 
be divisible by 3. Again, one at least of the three 
numbers is divisible by 2 and therefore their product is 
divisible by 2. The product then of the three numbers 
is divisible by both 2 and 3, and is therefore since 2 and 
3 are prime to one another divisible by their product 6. 

We cannot continue the reasoning in exactly the 
same way for four numbers since 2 and 4 are not 
prime to pne another, and it is not enough to shew that 
the product of the four numbers is divisible by 2, 3, 4 
separately. We may however reason as follows. Sup- 
pose 7, 8, 9, 10 are the four numbers. Now 10 times 
the product of 7, 8, 9 is equal to 4 times the pro- 
duct of 7, 8, 9, together with 6 times the product of 
7, 8, 9. We have however seen that the product of 

7, 8, 9 is divisible by the product of i, 2, 3. And there- 
fore 4 times the product of 7, 8, 9 will be divisible by 
the product of i, 2, 3, 4. If then the product of 6, 7, 

8, 9 is divisible by the product of i, 2, 3, 4 the product 
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of 7, 8, 9, lo will also be divisible by the prdduct of 
i> 2, 3, 4. Repeating the same reasoning we see that 
the product 6, 7, 8, 9 is divisible by the product of i, 2, 
3, 4 if the product of 5, 6, 7, 8 is. The product of 5, 6, 
7, 8 is divisible if the product of 4, 5, 6, 7 is. Now since 
the product of 5, 6, 7 is divisible by the product of i, 
2, 3, the product of 4, 5, 6, 7 is divisible by the product 
of I, 2, 3, 4. It follows then retracing our steps that 
the product of 7, 8, 9, 10 is divisible by the product 
of I, 2, 3, 4, and so also is the product of any other 
four consecutive numbers. 

For five numbers we may proceed in the same way. 
The product of 12, 13, 14, 15, 16 is equal to 5 times the 
product of 12, 13, 14, 15 together with 11 times the 
product of 12, 13, 14, 15. Now the product of 12, 13, 
14, 15 is divisible by the product of i, 2, 3, 4 and there- 
fore 5 times the product of 12, 13, 14, 15 is divisible 
by the product of i, 2, 3, 4, 5. All then that is required 
is to prove that the product of 11, 12, 13, 14, 15 is 
divisible by the product of i, 2, 3, 4, 5. Repeating the 
reasoning we arrive successively at the following sets 
of numbers, 10, 11, 12, 13, 14 ; 9, 10, 11, 12, 13; 8, 9, 10, 
II, 12 ; 7, 8, 9, 10, II ; 6, 7, 8, 9, 10 ; 5, 6, 7, 8, 9. But 
the product of 5, 6, 7, 8, 9 is divisible by the product 
of 1 , 2, 3, 4, 5 since the product of 6, 7, 8, 9 is divisible 
by the product of i, 2, 3, 4. 

We may apply the same reasoning to 6, 7, &c. con- 
secutive numbers. 

Another way is to decompose the second product into 
factors prime to one another. Thus the product of i, 2, 
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3> 4> 5> 6 is equal to the product of 2, 3, 4, 5, 3, 2, that 
is to the product of 9, 5, 16. We have then to prove that 
the product of any six consecutive numbers is divisible 
by the numbers 9, 5, 16. For since these numbers are 
prime to one another any number which is divisible 
by each of them separately will be divisible by their 
product. Now in any six consecutive numbers there 
will be two numbers divisible by 3, therefore the product 
of all six numbers must be divisible by 9. Again, in 
any six consecutive numbers there must be at least one 
number divisible by 5. Therefore the product of all six 
numbers must be divisible by 5. Lastly, one at least of 
the six numbers must be divisible by 4, and besides this 
number two others must be divisible by 2. Therefore the 
product of all six numbers is divisible by the product of 
4, 2, 2, or by 16. The theorem is thus proved. 

The following rule is useful in resolving a number 
into its prime factors. Unlike the previous theorems it 
depends on the fact that ten is the basis of our system 
of numeration. 

Any number is divisible by 9 or 3 if the sum of 
its digits is divisible by 9 or 3, respectively. 

Thus, in order to find whether 6972 is divisible by 
9 or not we add the digits 6, 9, 7, 2 together and see 
whether their sum 24 is divisible by 9 or not. 24 is not 
divisible by 9, but it is divisible by 3, hence 6972 will 
not be divisible by 9, but will be divisible by 3. 

In fact 6000 is equal to 6 times 999 together with 6, 
900 is equal to 9 times 99 together with 9, 
70 is equal to 7 times 9 together with 7. 
C. 6 
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Hence 6972 is equal to the sum of the numbers 6 
times 999, 9 times 99, 7 times 9, 6, 9, 7, 2. But the first 
three numbers are clearly divisible by both 9 and 3, 
since 999, 99, 9 are divisible by these numbers. It fol- 
lows that the whole number 6972 will be divisible by 
9 or 3 if the sum of the digits 6, 9, 7, 2 is divisible by 
9 or 3. Also it is clear that on dividing any number 
by 9 or 3 the remainder will be the same as if we divided 
the sum of its digits by 9 or 3. 



Examples. 

1. Prove that 6 times 9 is equal to 9 times 6. 

2. Find the G.CM. of 819 and 3588 and also the 
G.CM. of 841 and 1624. 

3. What are the prime factors of 8240 ? 

4. Find the G.CM. of 8240 and 3339. 

5. Shew that in using the " Sieve of Eratosthenes " 
to find prime numbers we need only begin with 25 in 
crossing out numbers divisible by 5, with 49 in crossing 
out numbers divisible by 7, and with 12 1 in crossing out 
numbers divisible by 11. 

6. Find by this method all the prime numbers up 
to 150. 

7. Is 851 a prime number? 

8.. The number 7 is prime both to 12 and to 15, prove 
that it is prime to their product 180. 
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9. Find the L.C.M. of 819 and 3588. 

10. Find the L.C.M of 35, 60, 42, 15, 24. 

1 1. Verify the fact that 496 is a perfect number. 

12. What is the next perfect number after 496 ? 

13. Prove that any multiple of a perfect number such 
as 28 for example is an excessive number, 

14. Prove that the following theorems result from 
the commutative and associative properties of addition. 

{a) When one number is subtracted from another 
if the larger number be increased or diminished the 
remainder will be increased or diminished by the same 
amount. 

(6) When one number is subtracted from another 
if the number to be subtracted be increased or diminished 
the remainder will be diminished or increased by the 
same amount. 

{c) When one number is subtracted from another 
if both numbers be increased or diminished by the same 
amount the remainder will be unaltered. 

15. Prove that the following theorems result from 
the commutative and associative properties of multiplica- 
tion. 

(a) When one number is divided by another if 
the dividend be increased or diminished any number of 
times, the quotient will be increased or diminished the 
same number of times. 

(d) When one number is divided by another if 
the divisor be increased or diminished any number of times 

6—2 
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the quotient will be diminished or increased the same 
number of times. 

{c) When one number is divided by another if 
both dividend and divisor be increased or diminished the 
same number of times the quotient will be unaltered. 

1 6. Prove that the following theorems result from the 
distributive property of multiplication. 

(a) When the difference of two numbers is multi- 
plied by another number the product obtained is the dif- 
ference of the products that would have been obtained 
if each of the former numbers had been multiplied 
separately by the latter number. 

{d) The quotient obtained by dividing the sum of 
two numbers by another number is the sum of the quo- 
tients that would be obtained if each of the former 
numbers were divided separately by the latter number. 

{c) The quotient obtained by dividing the differ- 
ence of two numbers by another number is the difference 
of the quotients that would be obtained if each of the 
former numbers were divided separately by the latter 
number. 

Note. In all these theorems it is supposed that the 
division can be performed exactly without remainder. 



CHAPTER IV. 

SECTION I. 
Fractions. 

It is not generally possible to divide a number of dis- 
tinct objects exactly into equaljlyarts. In most cases there 
will be a remainder. But it is always possible to divide 
a continuous quantity such as a leiigth> ah area, or space 
of time into as many equal parts as we wish. Thus we 
cannot distribute 6 objects equall^r ^mong 4 ^eople> but 
we can divide a length of 6 inches into 4 equal parts. 
We call the length so obtained a fraction of an inch even 
though it be actually greater than an inch. 

A fraction of any unit of measure (such as an inch, 
an hour, an acre) is the quantity obtained by dividing 
any multiple of the unit into any number of 6qual parts 
whenever that quantity is not in itself an exact multiple of 
the unit. 

The length obtained by dividing 6 inches in 4 equal 
parts is expressed in terms of inches by the symbol f . 

The original number of inches (in this case 6) is 
called the numerator ; the number of parts (in this case 
4) into which the whole quantity is divided is called the 
denominator. 
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We can add or subtract two portions of time whether 
they be exact multiples of the unit of time or not ; and 
the same is true of two lengths, or of two quantities of 
any kind whatever. If now the two portions of time be 
expressed by means of fractions in terms of the unit of 
time we can endeavour to find what fraction will express 
the sum of the two portions or the remainder when one 
is subtracted from the other. We can thus add and sub- 
tract two fractions in the same sense as we add and sub- 
tract two wholes. And just as we can say 2 and 3 are 5 
meaning 2 objects and 3 objects of any kind are equal to 

5 objects of the same kind, so we can say ^ and ^ are J 
meaning ^ a unit and ^ a unit of any kind are equal to f 
a unit of the same unit. 

The properties of fractions like those of whole 
numbers are independent of the special kind of unit* 
We may then in defining fractions drop all explicit men- 
tion of the unit of measure and say, 

A fraction is the result of dividing one number by 
another whenever that result is not itself a whole number. 

But it must be remembered that some unit of measure 
is always implied. Just as 2 has no meaning by itself 
apart from some kind of object so f has no meaning 
apart from some unit of measure. 

We may think of f inches as meaning not only 

6 inches divided by 4 but also 6 times J of an inch. In 
fact six inches are equal to twenty-four quarters of an 
inch, and the fourth part of twenty-four quarters of an 
inch is six quarters of an inch. Or we may take a slip of 
paper six inches long and fold it on itself into six pieces of 
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an inch each. Then by cutting through all the pieces at 
once we shall divide the whole length in 4 equal parts and 
at the same time our portions will consist of six pieces 
each a quarter of an inch. The reader will observe that 
this proof is really identical with that of the commutative 
theorem in multiplication, and it is easy to see that this 
property of fractions is a result of the commutative 
theorem. When we name fractions in words we think of 
the latter meaning. We express the symbol f by the 
words six-fourths, and f by the words three-fifths. 

A fraction can be expressed in many different ways, 
and as we have seen already, fractions can be added and 
subtracted. By an extended definition of multiplication 
and division fractions can also be multiplied and divided. 

We must therefore consider in order, first the reduction 
of fractions to their simplest form, and then the means of 
performing the different arithmetical operations on them. 



SECTION II. 

Reduction of Fractions. 

We have already seen that when one number is 
divided by another if the dividend and divisor be both 
increased or diminished the same number of times the 
quotient is unaltered. Thus if we divide 30 by 6 the 
quotient is 5; double both dividend and divisor, we 
shall then have to divide 60 by 12 and the quotient will 
still be 5. (Chap. iii. Ex. 15 c.) This property is also 
true for fractions, and may be stated thus : 
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If the numerator and denominator be both increased 
or diminished the same number of times the frasction idU 
be unaltered. 

For instance | is equal to ^, ^, f^, &c., and is abo 
equal to f . 

To shew this suppose our unit of measure is an indi. 
Then by f we mean a length which when multiplied by 4 
will give a result equal to 6 inches. But this same length 
when multiplied by 8 will give a result double as great, 
that is to say, 12 inches. Now the length which when 
multiplied by 8 gives for result 12 inches is represented 
by ^. Hence f is equal to ^. Again, the same length 
when multiplied by 12 will give a result three times as 
great as when multiplied by 4, that is to say, the result 
will be 18 inches. Hence f is equal to ^. Once more, 
the length which when multiplied by 4 gives six inches, 
when multiplied by 2 will g^ve only half as much, namely 
3 inches. Hence f is equal to f. 

We may illustrate the theorem in the following way. 
Let each of the horizontal lines be 6 units, and divide 
each of these lines into 4. Then each of these parts will 

f 
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be j of a unit. Now if there be 7 lines, for example, the 
whole number of lines will contain 7 times 6 or 42 units, 
and they will at the same time contain 7 times 4 or 28 
parts. Hence each part is f | of a unit. Thenefore | is 
equal to ^. 

Or, to take another instance, let a week be our unit of 
time. 3 days is equal to the 7th part of 3 weeks, to the 
14th part of 6 weeks, to the 21st part of 9 weeks, &c. 
Hence f , ^, ^, &c. are equal. 

We saw that we might consider f inches as meaning 
not only the 4th part of 6 inches, but also 6 times the 4th 
part of an inch. From this latter point of view the 
theorem is equally easy to prove. Let AB be an inch 
and divide it into 4 parts. 



I — ' — \ — ' — I — ' — I — ' — r 



B 



1 



Let AChe6 o{ these parts. Then -4 C is f of an inch. 
Now divide each of the parts into two equal parts. Then 
there will be 8 of these smaller parts in AB, and A C will 
contain 12. Therefore AC is ^ of an inch. Hence f is 
equal to ^. 

Also if AD is the half of an inch A C will be three times 
AZ>, since AD is two quarters of an inch, and ACis six 
quarters of an inch. Therefore f is equal to J. 

Again, twice the fifth part of an hour is equal to twice 
twelve minutes or to 24 minutes. 

But this is also equal to 4 times the loth part of an hour, 
(4 times 6 minutes) to 6 times the 15th (6 times 4 minutes) 
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and to 8 times the 20th part of an hour (8 times 3 
minutes), so that the fractions |, ^, j%, ^, are all equal. 

Since we have seen that when the numerator and de- 
nominator of a fraction are divided by the same number 
the fraction is unaltered, we may always simplify a frac- 
tion when the numerator and denominator have common 
factors. If then a fraction is given us we enquire first of 
all what factors are common to both numerator and de- 
nominator. This may be done either by finding their 
G.CM. or else by trying prime numbers in manner ex- 
plained already. When we have either divided at once 
both numerator and denominator by their G.CM. or else 
divided successively by all the common factors, so that 
now the numerator and denominator are prime to one 
another, the fraction is said to be in its lowest terms. 

Take for example the fraction ^^, Halving both 
numerator and denominator the fraction is equal to ^^. 
After dividing both by 3 we find it equal to ^, Lastly, 
after dividing by 7 we obtain f . Now 2 and 5 have no 
common factor or are prime to one another. Hence the 
fraction f is said to be in its lowest terms, and we are 
said to have reduced the fraction ^y to its lowest terms 
when we find the equivalent fraction f . 

Again, take the fraction ■^. We find the G.CM. of 85 

and 204 thus : 

85) 204 (2 
170 

l4) 85 (2 
68 

17) 34 (2 
34 
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We divide both 85 and 204 by 17 and obtain for quo- 
tients 5 and 12. 

Hence -^ is equal to ^^, and since 5 and 12 are prime 
to one another, the fraction is reduced to its lowest 
terms. 

If the numerator of a fraction be greater than the 
denominator we can express the fraction as the sum of a 
whole number and another fraction whose numerator is 
less than the denominator. Thus six quarters are equal to 
four quarters and two quarters, just as six books are equal 
to four books and two books. But four quarters are equal 
to one. Hence six quarters are equal to one and two 
quarters. Using symbols we say f is. equal to if. The 
sum of I and f is indicated by putting i close to the f . 

Seventeen-sevenths is equal to fourteen-sevenths and 
three-sevenths, that is to say to two and three-sevenths. 
In symbols y is equal to 2^. 

It follows, then, that every fraction can be expressed 
as a fraction in which the numerator is less than and 
prime to the denominator, or else as the sum of such a 
fraction and a whole number. In bringing the fraction 
to such a form we may either first make the numerator 
less than and afterwards prime to the denominator, or we 
may first make it prime to and afterwards less than the 
denominator. We may make f equal first to if and 
then to i^, or else first to f and after that to ij. 
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SECTION III. 

Addition and Subtraction of Fractions. 

When fractions have the same denominator we *tati 
add them or subtract them at once — J and ? are together 
equal to f , and J taken from f leave }, just as 3 apples 
and 2 apples are together equal to 5 apples ind 2 apples 
taken from 3 apples leave 1 apple. Here the addition 
takes place just as with whole numbers. The only differ- 
ence is that instead of adding multiples of our original 
unit of measure which we may suppose a foot, We 
are adding multiples of a new unit of measure namely 
one seventh of a foot We must reduce all othet cases 
to this simple case. When we have two fractions to 
add we must discover a new unit of measure in terms 
of which they can both be expressed as whole numbers. 
For instance let us add J and J ^^^ ^ct our unit of 
measure again be a foot. We have to ask, In terms of 
what unit of measure can J of a foot and Jth of a foot 
be expressed as whole numbers? The answer is clearly : 
In inches. J of a foot is 4 inches and J of a foot is 3 inches. 
4 inches and 3 inches together make 7 inches, that is 
to say 3!^ of a foot. Hence J and ^ are together equal 
to 3^. 

We see that the reason why J and J of a foot can 
both be expressed as multiples of an inch is that 3 and 4 
both divide 12 the number of inches in a foot. When 
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then we have two fractions to add we must find a number 
divisible by both denominators, and divide the original 
unit, by this number in order to obtain the new unit of 
measure. Suppose now we wish to add f and f . 24 is 
divisible by both 6 and 8. We must then express both 
f and f in terms of the 24th part of the original unit. 

The original unit will itself contain 24 such parts and 
therefore Jth of the unit will contain 4 parts and f ths will 
contain 20 parts. So also Jth of the original unit will 
contain 3 of the 24th parts and fths will contain 9 parts. 
Hence f and f together contain 29 of the 24th parts, that 
is to say their sum is equal to f f or to i^. * 

Here we have found f equal to f£ and f to ^. We 
might have known this at once from the last section. For 
we saw there that a fraction was unaltered when its nume- 
rator and denominator were both multiplied by the same 
number. Now multiplying the numerator and denomi- 
nator of f by 4 we have ff and multiplying the numerator 
and denominator of f by 3 we have ■^. The fractions 
have now the same denominator and can be added 
immediately. 

Before then fractions can be added they must be made 
to have the same denominator, or in the language generally 
employed they must be reduced to a common denomi- 
nator. This is equivalent to the former statement that 
they must be expressed as whole numbers in some new 
unit of measure. The common denominator must be a 
multiple of the original denominators of the two fractions, 
and it is usual to choose the least common multiple. 
The fraction we obtain on adding may then not need 
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to be simplified. If in the present example we had 
chosen 48 as common denominator we should have found 
that f was equal to f§ and f to Jf and their sum to ff . 
But now the fraction is not in its simplest form. 58 and 
48 have a common factor 2 and we must divide both 
numerator and denominator of ff by this factor before we 
can obtain the former result f }. 

Several fractions can be added in the same manner as 
two. Let us add, f , ^j, ^, ^. We first of all find the 
L.CM. of the denominator S; 12, 15, 20. 



4 


8, 12, 15, 20 


3 


\2y 3» i5» 5 


5 


2, I, 5, 5 



2, I, I, 



It is the product of the numbers 4, 3, 5, 2, that is to say 
120. 

We must now express all the fractions as fractions 
with 120 for denominator. 

To make 120 the denominator of f, we multiply 
both numerator and denominator by 15 since 15 is the 
quotient found on dividing 120 by 8. We find that f is 
equal to ^, In the same way we find that ^, ^, -^ are 
respectively equal to ^, ^%, ^, The whole sum is 
therefore {^ which is equal to ^ or to if. 

If the fractions to be added are greater than one it is 
best to express them as the sums of whole numbers and 
fractions less than i, and then to add first the whole 
numbers and afterwards the fractions together. 

Suppose we have to add ^, ^ and ^. 
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^ is equal to 4 and f ; V^ is equal to 2^. We add 
first 4 and 2 together and obtain 6. Next we add ^, } and 
T^ together. The L.C.M. of 9, 7, 21 is 63. f is equal 
to ff , ^ is equal to ^j, ^ is equal to f |. Therefore their 
sum is f J and the whole sum is 6^. 

In both these examples as the reader may easily 
verify we could have chosen any other common multiple 
instead of the least common multiple of the denominators, 
but we should have had to multiply by larger numbers 
in reducing the fractions to a common denominator 
and to divide by larger numbers in simplifying the 
result. 

The Subtraction of fractions will now need no explana- 
tion. We reduce the fractions to a common denominator 
and then subtract the numerators. Suppose we wish to 
subtract f from /^. The L.C.M. of 8 and 12 is 24. ^ is 
equal to ^ and % is equal to ^. Hence the difference of 
^ and f is ^. 

Jf whole numbers are combined with the fractions we 
first of all subtract the fractions and afterwards the whole 
numbers. Thus in subtracting 2^ from 7JJ we first say 
^ from JJ leaves J§ and then 2 from 7 leaves 5 ; therefore 
the remainder is 5 JJ. 

It will sometimes happen when there are whole 
numbers with the fractions that the fractional part (the 
part less than unity) of the smaller quantity is too great 
to be subtracted from the fractional part of the larger 
quantity. In that case we use an artifice similar to that 
already employed in the subtraction of whole numbers. 
We take one of the units of the larger quantity and com- 
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bine with the fractional part to form a fraction greater 
than one. We can now subtract from this fraction the 
fractional part of the smaller quantity in the usual way. 
Let us subtract 2f from 4^. f is equal to ^ and ^ to 
J^, and we cannot take §| from Jf. But 4^ is equal 
to 3U and |f taken from ^ leaves a remainder ^ or J^. 
Also 2 taken from 3 leaves a remainder i, so that the 
answer is i J. 

The reader will see that the principles in the Reduction, 
Addition and Subtraction of fractions are not new but 
are already involved in the operations on whole numbers. 
In fact whether in any concrete example we shall have to 
use fractions or whole numbers depends entirely on the 
arbitrary units of measure chosen. We can express the 
fifth part and the tenth part of a pound as 4J'. and 2s, 
respectively, and their sum as 6j., because the pound 
happens to have been divided into 20 smaller units of 
value and 20 is divisible by both 5 and 10. But the 
fifth and the tenth part of a foot can only be expressed 
by the fractions ^ and ^ and their sum by the fraction 
^ (or of course by some equivalent fractional form) since 
the number of smaller units into which a foot has been 
divided is not divisible by 5 or 10. Now in the first 
case no one will see anything but a question relating to 
whole numbers. The second case however merely differs 
from the first in the accidental fact that there is no 
special name for ^th of a foot The difference then is 
merely a difference in language. In any special case the 
use of fractions might have been avoided if the relations 
between the different units of measure (inch, foot, yard) 
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had been suitably chosen. But of course these relations 
cannot possibly suit all cases, however chosen, so that we 
must generally ourselves make a smaller unit suited to 
the question in hand, and this is the whole artifice required 
for the addition and subtraction of fractions. 



SECTION IV. 
Multiplication and Division of Fractions. 

The definition of multiplication already given will 
apply to the multiplication of a fraction by a whole 
number. To multiply a fraction by a whole number is 
to add the fraction to itself as many times as there are 
units in the number. This addition is especially easy 
since the fractions have necessarily the same denominator. 
We have then merely to add the numerators, or what is 
the same thing, to multiply the numerator of the fraction 
by the whole number. Thus muhiplying f by 5, we 
obtain ^, just as multiplying 4 books, 4 houses, &c. by 5 
we obtain 20 books, 20 houses. 

The rule then for multiplying a fraction by a whole 
number is to multiply the numerator by the whole number 
and leave the denominator unaltered. 

We saw that there were two ways of looking at 
division. To divide 20 by 4 may either mean to find 
how many books each person will have when 20 books 
are divided equally among 4 persons, or else it may mean 
to find how many times we can take 4 books away from 
C. 7 
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20 books. If we adopt the first form of question we can 
divide any fraction by a whole number. 

For example we wish to divide ^ by 5. We ask the 
following question : If f of an inch is divided into 5 
equal parts, what fraction of an inch is each part? Here 
we have first to divide 4 inches into 7 equal parts and 
then to divide each of these parts again into 5 smaller 
parts. We thus divide the whole 4 inches into 35 of the 
smaller parts, and each of the smaller parts will be ^ of 
an inch. The result of dividing f by 5 is therefore ^. 

• The rule then for dividing a fraction by a whole 
number is to multiply the denominator by the whole 
number and leave the numerator unaltered. 

If we multiply 4 by 5, we obtain ^, and if we reverse 
the operation and divide ^ by 5, we obtain §§, so that 
§f must be equal to the original fraction f . This agrees 
with the theorem that a fraction is unaltered when its 
numerator and denominator are multiplied by the same 
number. 

But we cannot in the present case adopt the second 
form of question. The words " How many times can we 
take 5 inches away from f of an inch ?" have no meaning. 
There are cases however in which the second form will 
have a meaning and not the first. For example, we wish 
to divide f by J. We cannot say, " What portion of an 
inch is there in each part when | of an inch is divided 
into J equal parts?" but we can say, "How many times 
is it possible to take J of an inch away from f of an 
inch?" In fact twice the 8th part of an inch will be the 
quarter of an inch, and 6 times the 8th part of an inch 
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will be three-quarters of an inch. So that the answer 
is 6. We see then that the first form of question can 
be put whenever the divisor is a whole number, and the 
second form whenever the quotient is a whole number. 

Hitherto we have adhered to the original definitions 
of multiplication and division. And we have seen that 
it is only in certain cases that these definitions have any 
meaning as applied to fractions. If then we are to 
multiply and divide fractions in general we must give new 
definitions of the words "multiplication" and "division." 
We begin with multiplication. What meaning, for ex- 
ample, are we to attach to the multiplication of |^ by f ? 
We must choose our definition so that the properties 
of multiplication may still if possible be the same, or 
else there would be no reason for continuing to use the 
same word. 

Now one of the fundamental theorems relating to mul- 
tiplication is, as we have seen, the Associative Theorem 
(Chap. III. Sec. i. Theorem v.). This theorem asserts 
that when the multiplier is increased any number of times 
(the multiplicand remaining unaltered) the product will be 
increased the same number of times. For instance, we 
multiply 9 by 4 and the product is 36 ; we now double the 
multiplier 4 and multiply 9 by 8, the product 36 will be 
doubled and become 72. We will make this theorem if 
possible hold true for fractions also. We will choose such 
a fraction for the product of J and f that when the multi- 
plier f is increased 6 times, the product itself will be 
increased 6 times also. Now 6 times f is the whole 
number 5, and therefore 5 times the fraction J will be 

7—^ 
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6 times the required product But 5 times | is equal 
to ^, and the 6th part of ^ is Jf. Hence the product 
of J and f must be chosen equal to ff . 

We arrive then at the following rule for the multipli- 
cation of two fractions. 

Multiply the numerators together to form the new 
numerator, and the denominators together to form the 
new denominator. 

We must now see whether the multiplication of frac- 
tions so defined possesses the same properties as the 
multiplication of whole numbers. 

First of all we have seen that a fraction may be written 
in several forms without being altered. We must there- 
fore shew that we obtain the same product when we apply 
the rule to the fraction in each of its forms. This is easy 
to prove. Suppose we write f J in the place of f. We 
shall now have to multiply 7 by 20 instead of by 5 in 
order to obtain the numerator of the product ; so that 
(according to the associative theorem) the numerator will 
be 4 times 35 or 140 instead of 35, Similarly to find the 
denominator of the product we must multiply 8 by 24 
instead of by 6, so that the denominator will be 4 times 
48 or 192 instead of 48. But {^ is the same as f| since 
we can divide both numerator and denominator by 4. 

It is now easy to prove the Distributive Theorem for 
the multiplication of fractions. We will shew that multi- 
plying the sum of ^(j and f by f gives the same result as 
multiplying ^ by f and J by f separately and then adding 
the products. We may reduce the fractions ^ and f to 
the same denominator. They thus become JJ and J^. 
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Now if we add these fractions, the numerator of the sum 
will be the sum of 12 and 35, and the denominator will be 
40. Multiplying the fraction thus obtained by f the 
numerator of the product will be 5 times the sum of 12 
and 35, and the denominator will be 6 times 4a But 
this fraction is the sum of two fractions whose numerators 
are respectively 5 times 12 and 5 times 35, and whose 
denominators are both 6 times 40. But these fractions 
are the results of multiplying the fractions J§ and J-J 
respectively by the fractions f. The theorem is thus 
proved. 

The commutative theorem is obviously true. When 
we multiply f by f we must multiply 7 by 5 to form the 
numerator, and 8 by 6 to form the denominator of the 
new fraction. If we multiply f by ^, the numerator will 
be 5 multiplied by 7, and the denominator 6 multiplied by 
8. The results are the same in both cases, owing to the 
commutative theorem for whole numbers. 

In like manner the associative theorem follows from 
the associative theorem for whole numbers. 

Multiplication as applied to fractions possesses there- 
fore all the properties of multiplication as applied to 
whole numbers. Now in Algebra, as the reader will learn, 
we are not concerned with the value of the symbols 
employed but solely with the relations between them. 

Algebraically then there is no distinction whatever 
between multiplication of factors and multiplication of 
whole numbers. Arithmetically there is a very real dis- 
tinction. Multiplication by a whole number (except one) 
always increases the quantity multiplied, while multipli- 
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cation by a fraction often diminishes it So that when 
we speak of multiplication as applied to fractions we are 
anticipating the algebraical point of view. We might 
dispense with the term as far as regards arithmetic alone. 

We will now see what concrete meaning we can give 
to the multiplication of fractions. 

Let an inch be our unit of measure, and let it be repre- 
sented by AB, Divide ABm% equal parts, and take 7 
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A 



T^ 



J ' ' ' ' i ^ 

of those parts to make the line AC, AC will be f of an 
inch. Now divide AC into 6 equal parts, and take 5 of 
these parts to make AD, Each of the parts into which 
AC\^ divided is the 6th part of J of an inch or ^ of an 
inch. AD is equal to 5 such parts, and is therefore Jf of 
an inch. Hence AD represents the result of multiplying 
\ of an inch by f . To multiply any quantity by % is the 
same then as taking f ths of that quantity. The quantity 
becomes a new unit, and the length which would be ex- 
pressed by f in terms of that unit is expressed by J 
multiplied by f in terms of the old unit. From this point 
of view the distributive theorem is easily proved. 

We now come to the division of fractions. We saw 
that it was a property of division of whole numbers that 
when the divisor is increased or diminished any number 
of times — the dividend being unaltered — the quotient is 
diminished or increased the same number of times. If 
we divide any number by 10 the result is half as great 
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as if we had divided that number by 5 ; if we divide any 
number by 4 the result is three times as great as if we had 
divided that number by 12. We assume that this pro- 
perty holds true for fractions. This is no new assumption 
but is only the associative principle in another form. 
Suppose now we wish to divide ^ by f . Since f is the 
4th part of 3, the result of dividing /^ by f must be 4 
times as great as the result of dividing ^ by 3. But 
we know that the result of dividing ^ by 3 is ^. Hence 
the result of dividing ^j by J must be f §. 

The following then is the rule for dividing one fraction 
by another. 

Multiply the numerator of the first fraction (the divi- 
dend) by the denominator of the second to form the 
new numerator, and multiply the denominator of the first 
fraction by the numerator of the second to form the new 
denominator. 

If we multiply §| by J we obtain ^^. On dividing 
both numerator and denominator by 12 this is seen to 
be equal to ^, the original fraction, as it ought to be. 

If we have to multiply by a whole number and a 
fraction, such as 2f, we may either multiply first by 2 
and then by ^1, and afterwards- add the results, or else we 
may put 2f in the form ^ and apply the rule. 

Before we can divide by 2| we must put it in the 
form ^. 
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SECTION V. 

Ratio and Proportion. 

We now come to a new conception ; the ratio of one 
quantity to another. Ratio cannot any more than num- 
ber be defined in terms of other ideas ; all we can do 
is to define what is meant by the quantity of two ratios. 
Since a ratio involves two quantities, in order to com- 
pare two ratios generally we shall require four quantities. 
We can give then the following definition of equality 
of ratio. 

If we have four quantities, the first quantity is said 
to stand to the second in the same ratio as the third 
to the fourth when the first contains as many of the same 
kind of parts of the second as the third does of the 
fourth. 

Quantities so related are said to be in proportion. 

By "the same kind of parts" we mean that if the 
parts of the second quantity are fifth parts, the parts 
of the fourth quantity must be fifth parts also; if the 
parts of the second quantity are sixth parts, the parts 
of the fourth quantity must be sixth parts, &c. 

Thus if the first quantity contains 3 times the 7th 
part of the second, the third must contain 3 times the 
7th part of the fourth. 

In this case if the second quantity were the unit of 
measure the first quantity, would be expressed by the 
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fraction ^, and if the fourth quantity were the unit of 
measure the third quantity would be expressed by the 
fraction f . This will be true in all other cases, so we 
may say : Four quantities are in proportion when the 
first can be expressed in terms of the second as unit, and 
the third in terms of the fourth as unit by means of 
the same fractions. 

We must include in our definition of equality of ratios 
two extreme cases ; the first is when the first quantity 
is an exact multiple of the second, and the third is the 
same multiple of the fourth ; for instance, the first quan- 
tity may be 6 times the second, and the third quantity 
6 times the fourth ; the second is when the first is con- 
tained an exact number of times in the second, and 
the third the same number of times in the fourth ; for 
instance, the first may be the 9th part of the second, 
and the third the 9th part of the fourth. These cases 
will be included in the definition if we understand " as 
many" to mean, as many, whether one or more, and if 
we understand "part of" to mean either a portion of 
or else the whole. 

We require two numbers in general to express a ratio, 
one to indicate the number of parts the first quantity 
contains, the other to indicate the number of parts into 
which the second quantity is divided. These numbers 
are written in succession with the arbitrary sign : be- 
tween them. With the numbers just used the ratio would 
be expressed by the symbol 3 : 7. 

Numbers like concrete quantities can have a ratio 
to one another. The numbers 3 and 7 stand the one 
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to the other in the ratio 3 : 7, since 3 obviously contains 
3 times the 7th part of 7. Hence in using the symbol 
3 : 7 (which we read the ratio of 3 to 7) we are comparing 
all other equal ratios with one special ratio, the ratio 
of 3 to 7 ; just as in using the symbol 6 for the num- 
ber of objects in a group we are comparing the group 
with one special group containing an equal number of 
objects, namely, the group i, 2, 3, 4, 5, 6. 

The ratio of two numbers such as 72 and 168 can 
be expressed in a simpler form than 72 : 168. For the 
7th part of 168 is 24, and 72 is equal to 3 times 24. 
Hence 72 contains 3 times the 7th part of 168, and 3 : 7 
is the ratio of 72 to 168. That is to say 3 : 7 is equal 
to 72 : 168. In general, when two numbers are both 
divided or multiplied by the same number, their ratio 
will be unaltered. If we divide the two numbers by their 
G.CM. we can express the ratio in its simplest form as 
the ratio of two numbers prime to one another. 

When four numbers are in proportion so that the 
first is to the second as the third to the fourth, the pro- 
duct of the first and fourth is equal to the product of 
the second and third. Take the numbers 10, 25, 6, 15, 
where the ratio of 10 to 25 is equal to the ratio of 
6 to 15, then the product of 10 and 15 will be equal 
to the product of 25 and 6. For the ratio of 10 to 25 
is equal to the ratio of 15 times 10 to 15 times 25, and 
the ratio of 6 to 15 is equal to the ratio of 6 times 25 
to 15 times 25. The numbers 15 times 10 and 6 times 
25 have therefore the same ratio to 15 times 25, and 
hence they must be equal. The relation between the 
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numbers 10, 25, 6, 15 is often written in the form 
10 : 25 :; 6 : 15, and expressed in words thus— ten is 
to twenty-five as six is to fifteen. The numbers 25, 6 
standing in the middle are called the means, and the 
numbers 10, 15 standing at either end are called the 
extremes. Of course we can equally well write the 
proportion in the form 6 : 15 :: 10 : 25, so that 6 and 
25 are the extremes, and 15 and 10 the means. But 
whichever way it is written the theorem just proved 
can be stated thus — In any proportion the product of 
the means is equal to the product of the extremes. 

Since the product of 10 and 15 is equal to the pro- 
duct of 25 and 6 they both have the same ratio to the 
product of 6 and 15. But 10 times 15 is to 6 times 15 
in the ratio of 10 to 6, and 25 times 6 is to 15 times 6 
in the ratio of 25 to 15. It follows that the ratio of 
10 to 6 is equal to the ratio of 25 to 15, or 10 : 6 :: 25 : 15. 
We have then the general theorem — If four quantities 
are in proportion so that the first is to the second as 
the third to the fourth, then the first will be to the third 
as the second to the fourth. 

If the ratio of two numbers 221 and 260 be equal to 
the ratio of two numbers prime to one another 17 and 
20, then 221 must be a multiple of 17 and 260 an equal 
multiple of 20. For we have just seen that 221 times 20 
must be equal to 17 times 260. Hence 17 divides the 
product of 221 times 20 ; but it is prime to 20, therefore 
it must divide 221. We find the quotient to be 13, there- 
fore 13 times 20 is equal to 260, or 20 divides 260 with 
the same quotient 13. 
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We can see now in another way that the second and 
third numbers in a proportion can be interchanged. 
Take the proportion lo : 25 :: 6 : 15 once more. Divid- 
ing by the common factor 5 we can express the ratio 
10 : 25 in the form 2 : 5, where 2 and 5 are prime to one 
another. Since then the ratio of 6 to 15 is equal to the 
ratio of 2 to 5 we must have 6 a muhiple of 2, and 15 
a multiple of 5. In fact 6 is 3 times 2, and 15 is 3 
times 5. Knowing then that 10 is 5 times 2 and 6 is 
3 times 2, we see that the ratio of 10 to 6 is equal to 
the ratio of 5 to 3 ; and knowing that 25 is 5 times 5 
and 15 is 3 times 5, we see that the ratio of 25 to 15 
is equal to the ratio of 5 to 3. Hence the ratio of 10 
to 6 is equal to the ratio of 25 to 15*. It is clear also 
that the ratio of 25 to 10 will be equal to that of 15 
to 6. In fact 25 contains 5 times the half of 10 and 
15 contains 5 times the half of 6. Thus the fact that 
the numbers 10, 25, 6, 15 are proportional can be written 
in the following ways : 
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* This is — with the exception of some verbal alterations — 
the proof given in Euclid, Elements vii. 9, 10. 
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It is easy to find the ratio of one fraction to another 
fraction. Let us for example find the ratio of f to f . 
We will suppose our unit to be a foot ; f of a foot is 
9 inches, arid f of a foot is 8 inches. Therefore f is 
9 times the 8th part of f or the ratio of f : f is equal 
to the ratio of 9 : 8. Again, take any other fractions 
^ and ^ for example. We reduce them to a common 
denominator, ^ is equal to ^^f^; ^ is equal to ^ftj^. 
Hence ^ contains 70 times the 8ist part of -^^ and the 
ratio of ^ to ^ is 70 : 81. 

The following then is the rule for finding the ratio 
of two fractions : 

Reduce the fractions to a common denominator, the 
ratio of the numerators will be the required ratio. 

A particular case of equal ratios is, as we have seen, 
the case when one of the first two numbers is an exact 
multiple of the other. When such a ratio is reduced 
to its simplest form one of the numbers expressing it 
will be unity. For instance, the ratio 12 : 4 is equal 
to the ratio 3 : i since 12 is the same multiple of 4 that 
3 is of I, and the ratio 2 : 10 is equal to the ratio i : 5 
since 2 is contained in 10 the same number of times 
that I is in 5. 

If four quantities are in proportion so that the ratio 
of the first to the second is equal to the ratio of the third 
to the fourth, then each of these ratios will be equal 
to the ratio of the sum of the first and second to the 
sum of the third and fourth. Take the numbers 12, 28, 
18, 42. 12 contains 3 times the 7th part of 28 and 18 
contains 3 times the 7th part of 42, so that the ratio 
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of 12 to 28 is equal to the ratio of 18 to 42. All we 
have to shew then is that the sum of 12 and 18 is equal 
to three times the 7th part of the sum of 28 and 42. 
But this is obvious, for the 7th part of 28 and 42 is equal 
to the sum of 4 and 6, and 3 times the sum of 4 and 6 
is equal to the sum of 12 and 18. Similarly we can shew 
that the difference between 18 and 12 is to the difference 
between 42 and 28 in the ratio of 12 to 28, or 18 
to 42. These propositions are, as the reader will see, 
consequences of the distributive property of multiplica- 
tion. 

We have considered a ratio as having only the pro- 
perties of equality or inequality with other ratios. If we 
consider a fraction from this point of view we shall find 
that it is identical with a ratio. The ratio 2 : 3 is identical 
with the fraction f if we consider that fraction apart from 
any special unit of measure and solely in reference to 
its properties of equality or inequality with other frac- 
tions. Also we may identify the ratio 2 ; 3 with the 
result of dividing 2 by 3, for the fraction f is equal to 
2 divided by 3 whatever the unit of measure may be. 
This gives us a means of extending the definition of 
division. We may define the quotient of one quantity 
by another by making it equal to the ratio of the first 
quantity to the second. This definition will apply to 
whole numbers and to fractions alike, and to concrete 
quantities, lengths, portions of time &c. even when they 
have not been expressed numerically. We can now find 
the result of dividing one fraction by another. To divide 
A by ^ we find the ratio of ^ to ^; and we may 



RATIO AND PROPORTION. Ill 

express the result, which we have already found to be 
70 : 81 in the form J J. Hence the rule for dividing 
one fraction by another is to reduce the fractions to 
a common denominator, and to divide one numerator 
by the other. This rule is identical in its results with 
the one formerly given. 

Though the present method of looking at division 
seems to be distinct from that adopted in the last sec- 
tion, it is not so in reality. The reader will find that 
when we identify the result of dividing one quantity 
by another with the ratio of one quantity to another 
we tacitly assume the associative principle. 



Examples. 

1. Add 3^, 6^^, and f together. 

2. Subtract f from ^, 

3. Prove that a fraction less than i is increased by 
adding the same number to both numerator and denomi- 
nator. 

4. Reduce to its simplest terms ffj. 

5. Which is greater, f f J or 3^, and what is the differ- 
ence between them ? 

6. Add ^, 3^, ^. 

7. Add ;^2> A> T2ff> 'shr* 

8. Add ^-, ^Jy, 3^, 7^. 

9. Multiply the sum of ^ and ^i^ by the sum of i, 
i, and J. 



CHAPTER V. 

SECTION I. 

Decimal Fractions. 

The labour of adding, subtracting, multiplying, divid- 
ing fractions is generally at least double that of adding, 
subtracting, multiplying or dividing, whole numbers. In 
multiplication, for instance, we must multiply the numer- 
ators together and the denominators, so that we have to 
work two ordinary multiplication sums. But there are 
certain cases when the operations of arithmetic are espe- 
cially easy to perform on fractions. This will happen 
when the fractions have for their denominators one of the 
numbers lo, loo, looo, 10,000, &c. If we want to add, for 
example, ^ and ^fjy we can say at once ^ is equal to 
^, Yo\5 ^^^ iV(F ^^6 equal to y^ ; if we want to subtract 
^5 from ^*\y we take 20 from 43 and find the result ^S> » 
if we want to multiply ^ and ^^ we have only to multi- 
ply 2 and 43, for we know immediately the product of 10 
and 100 is 1000, so we easily find the result yfJu ; lastly, 
if we want to divide ^q by ^ we reduce the fractions 
again to a common denominator and find fj. In all cases 
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then the operation is very easy : in multiplication because 
we can multiply immediately the denominators lo, loo, 
1000, &c. together ; in addition, subtraction, and division 
because the fractions can be reduced at once to the same 
denominator. 

Fractions which have one of the numbers 10, 100, 
1000, &c. for denominator are called Decimal Fractions. 

Since all arithmetical operations are performed more 
easily on decimal fractions than on other fractions, it is 
usual to express quantities in terms of their units of mea- 
sure by means of decimal fractions. This can always be 
done as accurately as is required for the purpose of the 
question in hand. For instance, suppose we are dealing 
with length, and that the actual purpose does not require 
us to take into account quantity less than y^th of an 
inch. Every length may be expressed as a certain num- 
ber of inches and a certain number of hundredths of an 
inch, together with a small length less than a hundredth 
of an inch, and this last portion can according to our 
supposition be neglected. 

Hence, as far as our needs in the present case are 
concerned, we can express every length as so many inches 
and so many hundredths of an inch. In other cases we 
may only be able to neglect quantities less than one- 
millionth of an inch, and then we should express every 
length as so many inches and so many millionths of an 
inch. But in all cases the length can be expressed in 
terms of inches for practical purposes by means of a 
whole number and a decimal fraction. 

Since decimal fractions are used so frequently a special 
C. ' 8 
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notation is adopted for them. It is merely an exten- 
sion of that employed for whole numbers. In the num- 
ber 444 each 4 is equivalent to the tenth part of the 4 
which preceded it. Now take the expression 444*44) 
where the dot is used to separate the whole part from the 
fractional, and interpret it on the same princi^. The 4 
coming immediately after the dot must be the tenth part 
of the 4 in the unit's place, and therefore means four- 
tenths. The next 4 must be the tenth part of the 4 after 
the dot, that is the tenth part of four- tenths or four- 
hundredths. Hence the whole expression will be read 
four hundred and forty-four, four tenths and four hun- 
dredths. The rule then is : 

Read the first figure after the dot (this dot is called 
the decimal point) as so many tenths, the second as so 
many hundredths, the third as so many thousandths, &c. 

Thus '357 will mean three tenths, five hundredths, and 
seven thousandths; or with the ordinary notation for 
fractions f^ and yj^ and xxfe^. 

Since ^ is equal to ^^ and xfc to ySSitj ^® ^^X 
equally well express '357 as ^^, or three hundred and 
fifty-seven thousandths. 

The expression '057 will mean : no tenths, five hun- 
dredths, and seven thousandths, or simply five hundredths 
and seven thousandths, which is equivalent to xMtf* 

•007 will mean no tenths, no hundredths, and seven 
thousandths, or simply jj^' 

•307 will mean ^ and y^jW or ^ftSfc. 

Obviously '6 means the same thing as '60 or '600, but 
•6, '06, and '006 mean respectively i%, y^, and xrfW- 
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We shall now explain^ first, the mode of converting 
ordinary fractions into decimal fractions and decimal 
fractions into ordinary fractions ; next, the mode of per- 
forming the operations of Addition, Subtraction, Multipli- 
cation and Division on decimal fractions. 



SECTION II. 

Conversion of Vulgar Fractions into Decimal 

Fractions. 

We will take J as an example, and we will suppose 
for the sake of clearness that we are dealing with French 
measures, and that we wish to express J of a metre in 
terms of decimetres, centimetres, and millimetres. A de- 
cimetre is ^th of a metre, a centimetre is j^th of a deci- 
metre or yixyth of a metre, and a millimetre is ji\jth of a 
centimetre or i^j\jxy^^ ^^ ^ metre. Then Jth of a metre is 
^th of ID decimetres or i decimetre and Jth of 2 deci- 
metres. 2 decimetres are 20 centimetres, and ^th of 20 
centimetres is 2 centimetres and ^th of 4 centimetres. 
4 centimetres are 40 millimetres, and ^th of 40 millimetres 
is 5 millimetres. Hence Jth of a metre is i decimetre 
2 centimetres and 5 millimetres. Now if a metre be our 
unit, -125 means t\yth, yfeths, and nj^ths of a metre, or 

8-2 
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I decimetre 2 centimetres and 5 millimetres, so that ^ and 
•125 are equivalent expressions. We might have said at 
once one metre is a thousand millimetres, therefore one- 
eighth of a metre is 125 millimetres, but the process would 
have been the same. 

Again, take the fraction ^5. 5 units are equal to 
50 tenths, and the ^th of 50 tenths is 3 tenths, together 
with the 1 6th part of 2 tenths or 20 hundredths. The 
1 6th part of 20 hundredths is i hundredth, together 
with the 1 6th part of 4 hundredths or 40 thousandths. 
The 1 6th part of 40 thousandths is 2 thousandths, together 
with the 1 6th part of 8 thousandths or 80 ten thousandths. 
The i6th part of 80 ten thousandths is 5 ten thousandths. 
Hence ^i^ is equal to the sum of the fractions ^, yj^, x^an, 
iTshnsy or in decimal notation ^ is equal to '3125. 

Such an example as the above may be worked con- 
veniently thus : 

16) 50 (-3125 

20 
16 



40 
32 



80 
80 



Here, just as in working division for whole numbers 
we may leave out all explicit mention of the tenths, hun- 
dredths, &c. and say simply 16 into 50 goes 3, 16 into 20 
goes I, and so on. 

As another example we take the fraction ^p. We 
work it thus : 
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49) 1076 (21^5918 

??_ 
96 
49_ 
470 

290 
245_ 

450 

44' 

90 

410 

392 

18 

Here we find by ordinary division that 1076 divided 
by 49 gives 21 as quotient and 47 as remainder. We 
replace the 47 by 470 tenths and dividing by 49 obtain 
9 tenths. We therefore put a decimal point after the 2 1 
in the quotient and write down 9. Similarly we replace 
the 29 tenths by 290 hundredths and so on. The last 
remainder 18 will mean j^.^^rf, and on dividing by 49 
the result will be less than tv^vw- If we suppose that 
for the purpose in hand we can neglect quantities less 
than one hundred-thousandth, we may put ^^^ equal to 
21*95918; if however greater accuracy is required, it may 
be obtained by continuing the work farther. But how- 
ever far we continue the work we shall never obtain a 
perfectly accurate result; there will always be some re- 
mainder. For since 49 is prime to 10 it is also prime to 
the product of 10 and 10 or to 100, and since it is prime 
to 10 and to 100 it is prime to the product of 10 and 100 
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or to looo; and in the same way it is prime to 10,000, 
100,000, 1000,000, &c. Therefore since 49 does not di- 
vide 1076 it cannot divide one hundred, one thousand, or 
one million, &c. times 1076, and ^^^ can never be ex- 
pressed exactly as a decimal fraction. 

The only fractions which can be expressed exactly as 
decimal fractions are those which when reduced to their 
lowest terms have for their denominator either 2 or 5, or 
a product formed by multiplying together one or more of 
these numbers. For when the fraction is reduced to its 
lowest term the denominator is prime to the numerator, 
and therefore (if the fraction is to be expressed exactly 
as a decimal fraction) it must divide one of the numbers, 
10, 100, 1000, 10,000, &c. But this is impossible if the 
denominator has among its prime factor any other num- 
bers besides 2 and 5, such numbers as 3 or 7 for instance. 

In other cases after a time the figures in the decimal 
fractions will repeat themselves over and over again. In 
the above case, where we divided by 49, our remainders 
were successively after we came to the decimal point, 29, 
45, 41, 18. Now if we had proceeded with the work since 
all the remainders are less than 49, and there are only 

48 numbers (i, 2, 3, 4 48) less than 49, we must at the 

very latest, after the 48th remainder, have come to one 
of the old remainders again. But as soon as we came 
to an old remainder all the quotients and remainders 
would have repeated themselves. Supposing, for ex- 
ample, the remainder 45 in the fifth line had appeared 
once more, we should again have had 9 as quotient 
and 9 as remainder and then i as quotient and 41 as 



CONVERSION or VULGAR FRACTIONS. 1 19 

remainder, next 8 as quotient and 18 as remainder, and 
-so oru 

We may iDastrate this by the fraction 1. Here we 
cannot have more than 6 distinct remainders at the most, 
and therefore the fraction must at the 7th figure, if not 
sooneiV I'cpeat the old quotients and remainders. 

The work will stand thus: 

7) 10 (-142857 

_7_ 
30 
28 



20 

1^ 
60 

56 

40 

35 

50 

49 

I 
Here the remainders are 3, 2, 6, 4, 5, i, that is to say 
6 in all, the most that there could possibly be. But in 
other cases there will be fewer remainders. Take the 
vulgar fraction J and express it as a decimal fraction. 

3) 10 (33 
9 
10 

_9 
I 

Here there is only one remainder, namely i, and we 
shall obtain for J the expression •3333..., where we con- 
tinue writing 3's till our approximation is sufficient for the 
purpose in hand. If we put this result in concrete language 
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we may say, Jrd of a metre is equal to 3 decimetres 
and Jrd of a decimetre, or to 3 decimetres 3 centimetres 
and Jrd of a centimetre, or to 3 decimetres 3 centimetres 
3 millimetres and ^rd of a millimetre ; hence according 
as we can neglect Jrd of a decimetre, Jrd of a centimetre, 
or Jrd of a millimetre, we may replace J by '3, by '33 or 
by '333. We may express the same result in ordinary 
fractional notation. Since i is equal to ten-tenths J is 
equal to ^ and ^, or to ^, 3^, and to ^, or, by 
carrying on the same reasoning to ^, xJiy, ttStoj Tishnsy 
iodl)00 > looo^ooo i and s ooiooo 5 so that J only differs from 
•333333 by the three millionth part of unity. We see 
then that though however many 3's we write there will 
always be a difference between '333... and J, yet that dif- 
ference will continually diminish, and can be made as 
small as ever we please. 

Such an expression as *33... is called a recurring 
decimal, and is often denoted by '3. Similarly '27 means 
the fraction that is continually approached though never 
actually reached by the expression '27272727..., where we 
are to continue writing 27's. If more than two figures 
recur we put a dot on the first and last thus, '235 means 
•235235235..., and -647821 means '64782178217821.... 

There are some simple cases of recurring decimals 
that it is well to notice. 

Take the fraction ^. 

9) 10 ('11 
9 
10 
9, 
I 
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Hence | is equal 'iiiii..., or to 'i. 

Take ^,. 

99) 100 ^lOIOI 

99 
100 

?? 
I 

Here 99 will not divide loi, so we put a o after the 
decimal point, signifying that ^ contains no tenths just as 
the ninety-ninths of a metre contain no decimetre. 

We nert divide 100 by 99 and find i for quotient and 
I for remainder, so that ^ is equal to j^, together with 
the 99th part of j^. The 99th part of ^^ contains no 
thousandths, but is equal to |^too > together with the 99th 
part of ±o\oo 9 ^^^ ^^ ^^ 

Thus, ^ is equal to 'oioioioi..., or to '6i. 

Again, take y)^. 

999) 1000 ('OOIOOf 

_999_ 
1000 

999 
I 

We find 7^ equal to 'ooiooiooi..., or to *6oi. 

In the same way ^^7 is equal to 'oooi, 77^7 to 
'ooooi, &c 

Since ^ is equal to 'iiiii.. , f is equal to '222... ^ to 
'333- •>! to -888.... 

Since 1^ is equal to 'oioioi..., ^ is equal to '020202..., 
/y to -050505..., ii to '272727.,,, U to -353535-..; since 
ylvf is equal to -ooiooi..., yfy is equal to 002002..., yfy 
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to '005005..., ^g^ to -027027..., 3f J to '365365. .., and 
soon. 

We may if we please verify these results directly. 
Thus, in the last case 

999) 3650 (-365 
2997 

6530 
5994 
5360 
4995 
365 
The work shews that f |J is equal to '365, together 

■^it^ TifiAfeiyj that is to say, f f| differs from '365 by less 
t^^J^ Trfcy* ^y proceeding further we should see that 
Jfl differs from '365365 by less than looiooo (^^^ ^i'" 
lionth), and .by writing more figures in the decimal 
fraction it can be made to differ from |f J^ by as small a 
quantity as we please, so that f |f is equal to '365. 

Having now explained the mode of converting vulgar 
fractions into decimal fractions, we proceed to the reverse 
operation. 

SECTION III. 

Conversion of Decimal Fractions into Vulgar 

Fractions. 

This is very easy when the decimal fraction does not 
recur. We know that '274 means the same thing as the 
sum of ^, xJ<r> and j^ or ^^, We may if we please 
reduce f^ to its lowest terms, and we shall find it equal 
toiJJ. 
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Again, -034 is equal to ^8^ and y^, or to j^. This 
may be reduced to ^^y. 

The rule then is, 

Take for numerator of the vulgar fraction, the decimal 
fraction itself considered as a whole number, leaving out 
any o's which occur before the other figures, and take for 
denominator of the \ailgar fraction i with as many o's 
after it as there are figures in the decimal fraction. 

Next, suppose the decimal fraction is a recurring one. 
We have seen that '5 or '555... is equal to {, '27 or •2727... 
to fj, and 365 to Jff. The rule then is. 

Take for numerator of the vulgar fraction, the decimal 
fraction itself considered as a whole number, leaving out 
any o's which occur before the other figures, and take for 
denominator of the vulgar fraction as many 9*5 as there 
are figures in the decimal fraction. 

Lastly, we will take the case when only a part of the 
fraction recurs. The fraction '14, or '1444... is an ex- 
ample. This must be equal to the sum of ^, jf^, tc^oi 
njfciri &c Now we know that -4 or the sum of ^, lo^..., 
is equal to ^ ; hence '04, or the sum of jj^, Tiftnr..., &c. 
must be ten times as small and equal to ^, therefore '14 
is equal to the sum of ^j and ^. Adding these fractions 
we obtain the result J^. The numerator of this fraction 
is the sum of 9 and 4, which differs by i from 14, the sum 
of 10 and 4. Similarly *i6 is equal to the sum of ^^ and 
^, or to i%. The numerator as before differs from 16 by 
I, and the denominator is again 90. In the same way we 
shall find '15 equal to JJ, -12 to }^, -17 to J J. 

Now take a case such as '37 where the non-recurring 
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figure is not i. We shall have as before 'S7 equal to the 
sum of ^ and ^, Adding these fractions, the denomi- 
nator of the resulting fraction will be 90 and the numerator 
will be the sum of 3 times 9 and 7. But since 9 differs 
from 10 by i, 3 times 9 will differ from 3 times lor or 30 
by 3, and the sum of 3 times 9 and 7 will be 3 less than 
the sum of 3 times 10 and 7, that is to say, 3 less than 
37. The numerator of the resulting fraction is therefore 
34, and we have '37 equal to f J. 

If then we wish to find the value of '58 we take 5 from 
58 to find the numerator, and the denominator is 90, so 
•58 is equal to |J. Similarly we find 72 equal to f J, •64 
is equal to J J. 

Let us now take a more general case, such as '23658. 
Here '23 is equal to ^(^, and '00658 is equal to the hun- 
dredth part of '658, that is to j,f 8§tF- So that '23658 is 
equal to the sum of ^^ and ^fJS^. The resulting frac- 
tion will have for its denominator 99900, and for its 
numerator the sum of 23 times 999 and 658. But 23 
times 999 will be 23 less than 23 times 1000, and the 
sum of 23 times 999 and 658 will be 23 less than the sum 
of 23 times 1000 and 658, or than 23658. Hence '23658 
is equal to fjjg^. 

We have then the following rule for converting a 
decimal fraction with a recurring part into a vulgar 
fraction. 

To find the numerator of the vulgar fraction, write 
the decimal fraction as if it were a whole number and 
take from it the non-recurring part, also written as if it 
were a whole number; to find the denominator of the 
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vulgar fraction write as many 9*3 as there are figures in 
the recurring part, and after them as many o's as there 
are figures in the non-recurring part. 

• 

Thus we wish to find the value of 72946. We first of 
all take 729 from 72946 : 

72946 

72Q 

72217, 

and so find that the numerator is 72217. Next, since 
there are two figures in the recurring part we write down 
two 9*s, and since there are three figures in the non- 
recurring part we write after them three o's and find that 
the denominator is 99000. Hence 72946 is equal to 

788 17 

The results found in this way can often be simplified. 

_ • ■ 

Thus 23658 was we saw equal to f^f J§, and this may be 
reduced to t^/g%^ : 16 is equal to J J or to J. 

If we applied the rule to the fraction 'li we should 
obtain i% or J. And that this result is correct we see from 
the fact that 'li means the same thing as •iiiii..., or 
as 'i. 

Again, the rule will give ^ or i for the value of '9. 
We may easily prove this to be true directly. For '9 
means the number we continually approach without ever 
reaching, by taking more and more of the fractions ^jj, 
liuy Trnsu^ &c. Now ^^ differs from i by J^y, A'cj differs 
from I by yj^, ^^^ differs from i by xiJW* ^"^ ^^ ^^• 

So that the decimal fraction '9, '99, '999, '9999, &c. 
can be made to approach as near i as ever we please, 
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but without actually reaching it. And therefore accord- 
ing to definition we put '9 equal to i. 

Now we have shewn how to convert vulgar fractions 
into decimal fractions, and conversely decimal fractions 
into vulgar fractions, we may explain the addition, sub- 
traction, multiplication and division of decimal fractions. 



SECTION IV. 
Addition and Subtraction of Decimal Fractions. 

To add or subtract decimal fractions we write the 
figures of the same kind under one another, that is to say 
tenths under tenths, hundredths under hundredths &c., 
and proceed in exactly the same way as for whole 
numbers. 

For example we add 247296 and 8*6073 thus 

247296 
8-60 73 

33'3369 
The reason is easily seen. Three ten-thousandths and 
six ten-thousandths are equal to nine ten-thousandths; 
seven thousandths and nine thousandths are equal to 
sixteen thousandths, that is to say, to one hundredth and 
six thousandths ; one hundredth and two hundredths are 
equal to three hundredths; six tenths and seven tenths 
are equal to thirteen tenths, that is to say, to one and 
three tenths; nine and twenty-four are equal to thirty- 
three. Therefore the sum of the two numbers is equal to 
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thirty-three, three tenths, three hundredths, six thou- 
sandths and nine ten-thousandths. 

In the same way we should subtract 8*6073 from 
247296. 

247296 
86073 

16*1223 

The following are examples that the reader can justify 
by putting into words. 
1st, Addition: 



5*684237 
2052913 
3*170654 

10*907804 

2nd, Subtraction : 

3*017285 
•962834 

2054451 



64*113998 
7*885423 
8*567432 

21*030516 

101*597369 



•654832 
•090988 

•563844 



SECTION V. 

Multiplication of Decimal Fractions. 

The simplest case is when we have to multiply a 
decimal fraction by a whole number, for example 3*4892 
by 2. This is merely a particular case of addition of 
decimal fractions. We shall have twice 2 ten-thousandths 
equal to 4 ten-thousandths, twice 9 thousandths equal to 
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1 8 thousandths or to 8 thousandths and i hundredth; 
twice 8 hundredths equal to i6 hundredths, which with 
the I hundredth make 17 hundredths or 7 hundredths 
and I tenth ; twice 4 tenths equal to 8 tenths, which with 
the I tenth make 9 tenths ; twice three equal to 6. The 
result is then 6*9784, and the result may stand thus 

3-4892 

2 

6-9784 

We multiply in the same way as for whole numbers 
each figure in succession beginning from the right hand 
side, and we place the figures of the product underneath 
the corresponding figures of the multiplied number. 

Next we will multiply the same number 3*4892 by -7. 
To multiply by -7 or -^ is the same thing as dividing by 
10 and multiplying by 7. Now to divide 3-4892 by 10 we 
need only move each figure one place further to the right 
and the result will be '34892. We now multiply by 7 as 
before. 

-34892 

?: 

2-44244 

Again, let us multiply 3*4892 by -06 or j^. We move 
each figure two places to the right and multiply by 6. 

•034892 
6; 

-209352 

To multiply 34892 by -Qoi or j^^ we need only move 
each figure three places to the right, and we thus obtain 
•0034892. 
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Lastly, to multiply 3*4892 by '0005 or Yuhm we move 
each figure four places to the right and multiply by 5, 

•00034892 

s: 

•00174460 

We should proceed in the same way for multiplication 
by single figures in other places. 

If now we wish to multiply 3*4892 by 2*7615 we have 
only to add the preceding results, 

6-9784 
2-44244 

•209352 

*oo34892 

•00174460 

963542580 

But the whole work may be written more compactly 

thus, 

3*4892 
2-7615 

6-9784 
2*44244 
•209352 
34892 
174460 

9*63542580 

We write the figures of the multiplied number and 
multiplier one under the other, units under units, tenths 
under tenths, &c. We then multiply by 2, placing the 
figures of the product under the corresponding figures of 
the multiplicand; then we multiply by 7, placing the 
figures of the product one place further to the right than 
those of the multiplicand ; then by 6, placing the figures of 

C. q 
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the product still another place further to the right, and 
so on. 

The o at the end of the result has of course no mean- 
ing and may be left out. 

As another example we will multiply 75 by '56, 

75 
•56 



•375 
•4200 

In this case there is no figure in the units' place of 
the multiplier, so we multiply by 5 and put down the 
figures of the product one place further to the right than 
the corresponding figures of the multiplicand. • The final 
result is '42, since the o's which occur have no meaning. 

Take next the product of '43 and '087, 

•43 
•087 



344 
301 



•03741 

Here there are no figures either in the units' place or 
in the first decimal place, so we multiply by 8 and put the 
figures in the result two places further to the right than 
the corresponding figures of the multiplicand. Thus 8 
times 3 are 24, and instead of putting the 4 under the 3 
we put it two places further to the right. When we 
multiply by 7 in the next lines we put the figures of the 
product one place further still to the right. Since there 
are no figures of the product in the first decimal place we 



MULTIPLICATION OF DECIMAL FRACTIONS. 13I 

must put a o there, for the absence of any other figure 
means that there are no tenths and this is expressed by 
writing a o in the result. The 344 in the first line of 
course means '0344 and the 301 in the second '00301, but 
for brevity we leave out the o's in the intermediate steps 
and simply write them in the result when necessary. 

We will now take a case where hundreds and tens 
occur in the numbers to be multiplied. We will multiply 
78*92 by 324*07 for example. 

Here we may multiply by the whole number 324 in the 
ordinary way, beginning with the 4, then multiplying by 
the 2 and moving each figure one place to the left, then 
by the 3 moving each figure another place to the left 
But it is best to perform the operation in the reverse way, 
beginning with the 3 and ending with the 4, as follows : 

78*92 

324*07 
23676 

1578*4 
315*68 

5*5244 
255756044 

In each line we move a place further to the right and 
the work is thus continuous with the multiplication by 
the decimal part which follows it. Moreover the most 
important parts of the product are formed first, and so the 
process is a continual approximation. Of course when 
we multiply by the 3, since this 3 means 300 we place the 
figures of the product two places further to the left than 
the corresponding figures of the multiplicand. We place 
the 6 under the 8 of 78*92, not under the 2. It must be 

9—2 
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noticed in all these examples that the decimal points of 
the multiplicand, multiplier, and product are in the same 
vertical line. 

In almost all practical cases where decimal fractions 
are employed, we need only approximate results. The 
numbers we start with, if they arise from the measure- 
ment of actual quantities, cannot be absolutely accurate. 
If for example the number 3*4892 were given us as the 
length of a line in feet, it would be only meant that the 
line differs from 3*4892 feet by less than ^ qIqq of a foot. 
What the actual length in feet is we do not know, it 
might be 3*489247 or 3*489238 or any other number 
whose whole part and first four decimals are 3*4892. 
When now in practice we wish to multiply decimal 
fractions such as 3*4892 and 2*7615, it is useless working 
out the result to eight decimal places, since only four of 
the figures after the decimal point can be correct. We 
therefore proceed as follows : 

3-4892 
27615 

6^9784 

2*4424 

•2093 

35 

£7 

9*^353 

We first multiply by 2 as usual, we then multiply by 7 
beginning with the 9 and only taking the last figure 2 
into account so far as it furnishes us with something to 
carry, we next multiply by 6 beginning with the 8, then 
with I beginning with the 4, and lastly with 5 beginning 
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with I. In the second line we say 7 times 9 are 63 and i 
(carried from 7 times 2 are 14) are 64 ; in the third we say 
6 times 8 are 48 and 5 (carried from 6 times 9 are 54) are 
53. In the fourth line the reader will notice that instead 
of putting 34 we put 35. This is because 3*48 is nearer 
3*5 than 3*4. Moreover, if we always put the next lowest 
number our errors would -all be errors of defect and 
would mount up. But by the present method the errors 
are sometimes errors of defect and sometimes errors of 
excess, and therefore in part neutralize one another. Our 
former statement about the meaning of 3*4892 requires 
then a slight correction. When we are working to four 
decimal places we put 3*4892 for any number which 
differs from that decimal fraction by less than ^qI oq either 
in excess or defect, not merely as was said before by less 
than T^J^ny* The number for which we put 3*4892 may 
have any value between 3*48915 and 3*48924. If we 
stopped at the 5, there would be no reason for putting 
3*4892 rather than 3*4891 in the place of 3*48915, but in 
practice there will always be figures following the 5 and 
these will make the number nearer 3*4892. 

By comparing the result 9*6353 with the result 9*6354458 
we obtained by multiplying the numbers in full, it will be 
seen that the last figure 3 in the approximate calculation 
is not correct. This will often be the case. The errors 
we make, though each separately is less than one half a 
unit in the last place, will often add up so as to become 
more than a unit or even than two or three units in 
the last place. Hence the rule is always to work to 
one more place of decimals than the number of places 
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we require to be correct. In the present instance, as 
we are working to four places of decimals, we only ex- 
pect three places to be correct. And apart from errors 
of calculation the errors in the numbers we start with 
may make our last figure wrong. To take a simple 
example ; we will multiply 'g by '8, only working to one 
place of decimal. Since '9 multiplied by '8 is 72 we 
should put for the result 7. But '9 means any number 
between '85 and '94, and '8 means any number between 
75 and '84. Let us take the extreme values and multi- 
ply them at full length. 

•85 94 

75 '84 



•595 752 

425 376 

•637s 7896 

The results would be expressed to one place of deci- 
mals by '6 and '8 and would each differ from 7 by a 
unit So that if our initial numbers are only given to 
the first figure of decimals we cannot be sure of the first 
figure of decimal in the results. 

The same principle will apply to the multiplication of 
whole numbers, when these numbers are not obtained 
from counting distinct objects but from measuring dis- 
tances, areas, &c., and are therefore only approximately 
correct. For instance, suppose we wish to multiply 
856294 by 3486. Here 3486 may be either too great 
by '5 or J or too small by J, and these errors would on 
multiplication produce an error in the result of 428147 
either in excess or defect. In this case then only the 
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first four figures of the result will be correct and our 

multiplication should be effected so as to obtain only 

these. 

We perform the operation thus, 

856294 
3486 

25689 

3425 
685 

5} 

29850 

In this case multiplication at full length would give 
2985040884, so that as far as the arithmetic is concerned 
all the figures of the result are correct But we only 
retain four of these since, as we have already seen, the 
possible error in the original numbers will affect the 
fifth figure. We say then that the product is 2985 mil- 
lions and expect an error of some few hundred thou- 
sands. Cases actually arise where the quantity to be 
measured is so great compared with the unit of mea- 
surement. The distance of the sun from the earth for 
instance is said to be 92 millions of miles, but it may 
be some hundred thousands of miles more or less. 

If in the above example we had only worked for four 
figures, the result would have been 2986, and the fourth 
figure would have been wrong. This shews the neces- 
sity of always working for one more figure than we 
require. 

As a last example we will multiply to eight places of 
decimals (and therefore correct to seven) '43429448 by 
2-30258509, 
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•43429448 

2*30258509 
•86858896 
•13028834 

86859 

21715 

3474 
217 

4 

•99999999 

The result is therefore i as far as the seventh place 
of decimals. 



SECTION VI. 
Division of Decimal Fractions. 

In considering the division of one decimal fraction 
by another only two new questions arise. The first re- 
lates to the position of the decimal point in the quotient. 
The following rule will give this ; 

Move the decimal point in both dividend and divisor 
the same number of places to the right or left, till in 
the divisor it comes immediately after the figure in the 
units' place, then the decimal point in the quotient will 
correspond to the decimal point in the dividend. 

For instance, we wish to divide ^0024 by '064. We 
move the decimal point two places to the right in both 
numbers and make them '24 and 64. We have merely 
multiplied both numbers by 100, so that their quotient 
will be unaltered. The work will now be as follows : 



DIVISION OF DECIMAL FRACTIONS. 1 37 

6*4) -240 (-0375 
192 

480 
448 

320 

320 

We put a decimal point in the quotient's place and 
see if 6*4 can be taken from 2. As it cannot we put 
a o in the quotient and inquire how many times 6*4 can 
be taken from 24. The answer is three times, and we 
put 3 in the quotient. It is clear in fact that if when 
we divide 24 by 6*4 we obtain a quotient 3, we shall 
obtain a quotient '03 or yj^y when we divide '24 or y%^ 
by 6*4. The work proceeds as in division of whole 
numbers. 

The second question relates to the method of per- 
forming division when we only expect the result to be 
accurate to a certain number of decimal places. 

We will illustrate this by dividing •06314 by '007241 
to six places of decimals, 

7241) 63-140 (8719790 
57-928 

5'2I20 
5-0687 

14330 
7241 
70890 
65169 

5721 
J069. 

652 
650 
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When we have written 70890 (after the third line of 
division) we have ahready used six decimal places of the 
dividend, so we bring down no more o's ; but when 
we multiply by 7, the next figure of the quotient, we begin 
with the 4 of the divisor instead of with the i, and when 
we multiply by the succeeding 9 of the quotient we begin 
with the 2 of the divisor. The result is correct to five 
places of decimals. 

As another example we will divide to seven places of 
decimals i '948 7632 by 2*3025851. 

2-3025851) 1-9487632 (-8463371 
1-8420681 

I 06695 I 

921034 

145917 

'138155 

7762 

6908 

854 
691 

163 
£61 

2 

2 

In multiplying by '8, the first figure of the quotient, 
we begin with the last figure but one of the divisor, since 
the product of the last figure i and '8 will fall beyond the 
seventh place of decimals. We carry however i from 
this product, since 8 is nearer 10 than a Again, when 
multiplying by the next figure 4 of the quotient we begin 
the last figure but two of the divisor, carrying however 
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2 from the 4 times 5. In this way we continue the opera- 
tion, beginning each time with a figure of the divisor one 
place further to the left 

The result is correct to the last place. 



Examples. 

1. Find to 7 decimal places the product of •6981543 
and -8284786. 

2. Find to 5 decimal places the product of 78817 
and '52915. 

3. Find to 7 decimal places the product of 10*3321808 
and -4342945. 

4. Find to 7 decimal places the product of 4-4872091 
and 2-3025851. 

5. Find to 8 decimal places the product of -21492764 
and -3 1 73 1 704. 

6. Find to 12 decimal places the product of 

-894563127357 and -506830986731. 

7. Divide to 6 places of decimals 8*987678 by 7-965341. 

8. Divide to 4 places of decimals 77936 by 32827. 

9. Divide to 8 places of decimals i by 5-3214678. 

10. Divide exactly '035 by -0007. 

1 1. Divide exactly -72 by -04 and by 40. 

12. The whole numbers which express most nearly 
in yards the length and breadth of an area are 4328 and 
2976 ; what is the greatest possible error that can be 
made in estimating the number of square yards in the 
area ? 
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13. The sign — put over the last figure in a number 
has been used sometimes to indicate that the figure is too« 
great^ and then the absence of any sign indicates that 
the figure is too small. With this notation what errors 
may be made in multiplying (a) 4*682307 by 2*461829, 
(d) 4*682307 by 2461829, (c) 4*682307 by 2*461829, {(f) 
4*682307 by 2*461829? 



CHAPTER VI. 

Powers and Roots, 
section i. 

Powers of Numbers. 

We have seen that the addition of equal numbers is 
called multiplication. We may now consider the results 
of multiplying equal numbers. These results are called 
the powers of number. Just as the result of adding four 
threes together is said to be three multiplied by four, so 
the result of multiplying four threes together is said to be 
three raised to the fourth power. 

A number is said to be raised to the power indicated 
by another number when we multiply the first number by 
itself as many times as there are imits in the second 
number. 

If we simply multiply a number by itself we raise it 
to the second power. This second power is often called 
the square of the number. Thus 7 times 7 or 49 is the 
square or second power of 7. The following are the 
squares of the first ten numbers, 

I, 4, 9, 16, 25, 36, 49, 64, 81, 100. 
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Multiplying these squares by the corresponding num- 
bers we obtain the third powers, or cubes as they are 
generally called, of the first ten numbers. They are 

I, 8, 27, 64, 125, 216, 343, 512, 729, 1000. 

Multiplying the cubes by the numbers themselves we 
obtain the fourth powers of the first ten numbers, 

I, 16, 81, 256, 625, 1296, 2401, 4096, 6561, 10,000. 

In the same way we may go on to find the 5th, 6th, 
7th powers of the different numbers. 

It must not be supposed that raising a number to a 
power stands to multiplication as multiplication itself does 
to addition. We can see at once that the commutative 
law does not hold. The second power of three is nine, 
whereas the third power of two is eight. The third power 
of four is sixty-four, whereas the fourth power of three is 
eighty-one. The reason of this is that we can suppose 
every number to be formed by the addition of units and 
therefore multiplication or the addition of the sums of 
these units may be considered to be a sort of double addi- 
tion. But we cannot suppose every number to be formed 
by the multiplication of units, and therefore raising to a 
power cannot be considered to be a sort of double multi- 
plication. Raising to a power is not the multiplication of 
the product formed by multiplied units as it should be if 
the analogy were complete, but it is the multiplication of 
the sums formed by added units. 

We shall soon require the following important theorem 
relating to the squares of numbers. 

The square of the sum of two numbers is equal to the 
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sum of the squares of the number together with twice the 
product of the numbers. 

For instance 1 1 is the sum of 6 and 5, and the square 
of 1 1 will be equal to the square of 6 and the square of 5 
together with twice the product of 6 and 5. 

Now by the square of 1 1 we mean 1 1 multiplied by 1 1 
or the sum of eleven i I's. 

We will write these 11 's in two vertical lines, six in one 
line and five in another, thus : 



Next we write in the place of each 1 1 the numbers 6 
and 5 of which it is the sum. Then the square of 1 1 will 
be the sum of the following numbers : 

6, Si 6, 

6, 5, 6, 

6, 5» 6, 

6, 5, 6, 

6, 5» 6, 

6, 5, 

We have now four vertical columns of numbers to be 
added together. The first column is equal to 6 times 6 
or the square of 6. The last column is equal to 5 times 5 
or the square of 5. The second column is equal to 6 times 
5 and the third to 5 times 6. These two middle columns 
are equal and their sum is twice the product of 5 and 6. 
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All the columns together make then the square of 6, 
twice the product of 5 and 6, and the square of 5, and this 
sum is therefore equal to the square of 11. 

The ordinary method of multiplication does not admit 
of simplification when the numbers to be multiplied are 
equal. There is no rule for finding powers similar to the 
rule for multiplication. When however we wish to raise 
a number to the 4th or 5th or some higher power, we may 
shorten the operation in practise by first forming a table 
of the multiples of the number. For instance we wish to 
raise '47162 to the 5th power, working to five places of 
decimals. The following will be the work : 

•47162 



I I 



2 


•94324 


3 


1-41486 


4 


1-88648 


5 


2*35810 


6 2*82972 


7 3*30134 


8 377296 


9 


4*24458 



•18865 


•09432 


3301 


943 


47 


94 


28 


19 


I 


I 


•22242 — [a) 


•10489— (^) 


•04716 


•01886 


189 


424 


38 


19 


4 


3 


•04947— W 


•O2332--(d0. 
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Here (a) is the square, (^) the cube, (c) the 4th power, 
(d) the 5th power of -47162. We multiply this number 
first by itself, then by its square, then by its cube, then by 
its fourth power. The work is set down in the four sums 
above just as in ordinary multiplication except that the 
numbers multiplied are not written at the top of each 
sum. 

The table is formed as follows : We double the ist 
line to form the 2nd, add the ist and 2nd to form the 
3rd, double the 2nd to form the 4th, add the 2nd and 
3rd to form the 5th, double the 3rd to form the 6th, add 
the 3rd and 4th to form the 7th, double the 4th to form 
the 8th, add the 4th and 5th to form the 9th. There are 
several obvious methods of verification. 

The following is a further illustration. Find the re- 
sults of dividing the square '2623643 by 2, the cube by 2 
and then by 3, the 4th power by the product of 2, 3 and 
4, the 5th power by the product of 2, 3, 4, 5 and so on. 
Continue the process as long as figures within the seventh 
place of decimals are obtained and add all the results to 
the number itself. 



I -2623643 


2 -5247286 


3 -7870929 


4 1-0494572 


5 1-3118215 


6 1-5741858 


7 1-8365501 


8 2-0989144 


9 2*3612787 



c. 



10 
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•0524729 


•0078709 


I574I9 


10495 


5247 


1049 


787 


26 


157 


18 


10 


I 


I 


3)-oo90298 


2)-o68835o 


•0030099— (^) 


•0344175— (^) 




•0007871 


•0000262 


24 


236 


2 


18 


4)-ooo7897 


I 


•0001974— W 


5)'oooo5i7 




•0000103 — {d) 


26 


7)1 


I 


<>-(/) 


6)27 




5-W 




•2623643 




344175 


(«) 


30099 


i^l 


1974 


i') 


103 


^f} 


5 


W 



•2999999 

The result ought to be ^3 so there is only an error of i 
in the seventh place. 

We square the number and divide by 2 and thus obtain 
(tf). We next multiply the number by {a), this gives one 
half of the cube ; we divide by 3 and obtain (b) the sixth 
part of the cube. We multiply by (b) and divide by 4 to 
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obtain (c). By continuing the process (//), (e), (/) are 
obtained. The last result {/) has no figure in the 7th 
decimal place and so may be neglected with all that 
follow*. 

It will be noticed that in finding (e) we have omitted 
the o*s which precede the 26. This might have been done 
with all the other multiplications, for the meaning of the 
figures is sufficiently shewn by the last figure being always 
in the 7th decimal place. It saves some time in practice 
when always working to a given number of places to leave 
out both the decimal points and any o's which occur before 
the significant figures. 



SECTION n. 

Geometrical Illustrations. 

The terms product, square, cube can be illustrated 
geometrically. Suppose we have lines whose lengths are 
expressed in terms of a certain unit of measure by the 
numbers 5 and 7. We may imagine these lines to form 
the sides of a lid of a box and we will take an inch as the 
unit. Then it will be seen from the figure that the lid can 

* The reader who is acquainted with the elements of algebra 
will see that we have found the value of 

x+~+ + +... 

2 2.3 a. 3.4 

where x = '2623643. 

10 — 2 
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be divided in 35 equal compartments and each of those 
coinpaxtmenls is a square inch. 



The area of the hd is therefore 35 square inches, so 
that by multiplying together the numbers which express 
the lengths of the sides we obtain the number which 
expresses the area in teims of square inches. 

In the same way the surface of an oblong table 4 feet 
long and 6 feet broad will contain 24 square feet, the area 
of a field 90 yards long and So yards broad will be 7200 
square yards, &c. 

This meaning of the product of two numbers will 
apply .to the case of fractions. For instance we see from 
the figure below that the area of a rectangle whose sides 
are ^ and } of an inch is ^ of a square inch. 
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The whole square represents a square inch. It is 
divided into 20 equal rectangles each of which is equal 
therefore to the twentieth part of a square inch. The 
darker lines in the figure are respectively ^ths and Jths 
of an inch and the rectangle contained by them is equal 
to 6 small rectangles or to ^ths of a square inch. We 
seem thus to have a new reason for the rule for the 
multiplication of two fractions, but this reason will also be 
found to depend ultimately on the associative principle. 

A particular case of the product of two numbers is 
when the numbers are equal The squares formed on 
lines whose sides are respectively 2, 3, 4 inches will as the 
figures shew contain 4, 9, 16 square inches. 



Thus the number of square inches contained in a 
square is found by taking the second power of the number 
of inches in the side of the square. It is from this con- 
nection with the square in geometry that the second power 
of a number is called its square in arithmetic. 

The product of three numbers can be also illustrated 
geometrically. Suppose we have a box whose depth is 3 
inches and whose length and breadth are respectively 7 
and 5 inches. By horizontal partitions we can divide 
that box into three equal compartments each of which 
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will be an inch in depEh. Non we saw thai the lid or 
base of the box can be divided into 5 times 7 or 35 equal 
squares each of whicb will be an inch both ways. Hence 
by drawing vertical partitions we divide each of the 3 
compartments into 35 equal cube^ and so the whole box 
will contain 3 times 35 or 3 times 5 times 7 cubic inches. 

To find then the number of cubic inches in a box, we 
must multiply together the lengths of its sides expressed 
in inches. Thus the number of cubic feet in a room 
\o feet high, 15 feet broad and 18 feet high will be 10 
times 15 times 18 or 2700. When the length, breadth 
and depth are equal the solid becomes a cube. The 
number of cubic inches in a cube whose side is 2 inches 
will be 2 multiplied by 2 multiplied by 2 or 8 ) in a cube 
whose side is 3 inches it will be 3 times 3 times 3 or 27 
and so on. To find then the number of cubic inches 
in a cube we take the third power of the number of inches 
in its side. This is ihe reason why the term cube is 
applied in arithmetic to the third power of a number. 

The theorem given in the last section respecting the 
square of the sum of two numbers is illustrated by the 
accompanying figure. 
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Let the numbers be 3 and 2, and their sum 5. We 
draw a line 5 units in length and construct a square on 
it. We divide this square as shewn in the figure into 
four parts, namely the square on a line 3 units in length, 
the square on a line 2 units in length and 2 oblongs, 
the sides of each of which are 3 units and 2 units. 
Now the number of square units in the whole square 
is the square of 5, the number of square units in the 
small squares are the square of 3 and the square of 2 
respectively, and the number of square units in each of 
the rectangles is the product of 3 and 2. Hence the 
square of 5 is equal to the square of 3 together with 
the square of 2 and twice the product of 3 and 2. 

The following geometrical theorem gives rise to impor- 
tant arithmetical questions. 

The square on the longest side, of a right-angled 
triangle is equal to the sum of the squares on the other 
sides. 





This may be seen by comparing the two figures above. 
Each figure represents a square and from that square four 
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triangles are supposed to be cut off, but they are cut off 
in a different way in the two figures. In the first case we 
have left a single square and in the second two smaller 
squares. Since then the large squares in both figures 
are equal and the triangles cut off are equal, the single 
square which is left in the first figure must be equal to 
the sum of the squares which are left in the second 
figure. 

The following figure shews the same theorem in 
another way. 



.---' 



• \ 
: » 
I » 
I « 



\ \ 

* A 



We take two squares in contact with one another, so 
as to form one piece as indicated by the unbroken lines. 
From the whole piece we cut off two triangles and put 
them on in different places as shewn by the dotted lines. 
While still using exactly the same material we have thus 
converted the two squares we started with into a single 
square. 

The reader may easily convince himself of the truth 
of the theorem by cutting out the squares in pasteboard; 
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If we know the lengths of two of the sides we can find 
the third side. To take a simple case known in most 
countries and discovered probably before the general 
theorem ; ' 

The two shorter sides of a right-angled triangle are 3 
inches and 4 inches, what is the length of the longest 
side ? 

The square on the side 3 inches long will contain 
9 square inches, and the square on the side 4 inches long 
will contain 16 square inches, therefore the square on the 
longest side must contain 9 and 16 or 25 square inches 
and the longest side must be 5 inches in length. 

We see from this example that if three numbers repre- 
sent the lengths of the three sides of a right-angled 
triangle measured in inches, or some other unit of measure, 
the sum of the arithmetical squares of two of these 
numbers must be equal to the arithmetical square of the 
third. This suggests the question of finding numbers so 
related that the squares of two of them are together equal 
to the square of the third. Two rules of very early date 
have been given for this purpose. The first is attributed 
to Pythagoras. 

Take any odd number for the first number, take one 
from its square and halve the result for the second number, 
add one to its square and halve the result for the third 
number. 

For example square the odd number 3 and we have 9; 
take I away and halve, we have 4 ; add i and halve, we 
have 5. And 3, 4, 5 will have the property required. 
Again the square of 5 is 25, take away i and halve, we 
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have 12, add i and halve, we have 13. And 5, 12, 13 
may be the sides of a right-angled triangle. 

The number 7 gives 7, 24, 25 and 9 gives 9, 40, 41. 

The second rule is attributed to Plato. 

Take any even number for the first number, subtract 
one from the square of half the number for the second 
number, add one to the square of half the number for the 
third number. 

Thus take 4 ; its half is 2 ; square and subtract 
I we have 3 ; square and add i we have 5. Thus 4, 3, 5 
are the required numbers. Again take 8 ; its half is 
4, square and subtract i we have 15 ; square and add i 
we have 17 ; and it will be found that the square of 8 
together with the square of 15 is equal to the square of 17. 

The general rule however which includes both the pre- 
ceding rules is as follows : 

*Take any two numbers, form the difference of their 
squares, twice their product and the sum of their squares; 
we shall then have the three numbers required. 

For example take 5 and 2, the difference of their 
squares is 21, twice their product is 20 and the sum of 
their squares is 29. We shall find that 21, 20 and 29 
have the required property. 

It is obvious that we may multiply all three numbers 
found by any of the above rules by any common factor 

* This last rule, if common factors be left out of account, 
gives all possible numbers of the kind required. As the reader 
acquainted with algebra may prove, the most general expressions 
for such numbers are s {m^ - »'), 2smn, s (m^ + n^) where j, f», n 
are whole numbers. 
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we choose without altering the property they possess of 
being the sides of a right-angled triangle. Thus we can 
multiply 3, 4, 5 each by 2, and make them 6, 8, 10. Since 
the square of each one will be increased 4 times the sum 
of the squares of two will still be equal to the square of the 
third. 

We may mention here two simple theorems connected 
respectively with squares and cubes. 

We first of all write down the odd numbers and add 
them together beginning with i and not omitting any. 
At whatever point we stop the sum will always be a 
square number. We will write the sum below the last odd 
number added. 

135 7 9 II 13 15 
I 4 9 16 25 36 49 64 

The sum of i and 3 is 4, the sum of 4 and 5 (or i, 
3 and 5) is 9, the sum of 9 and 7 is 16, &c. Since 
we have nothing to add to i we write underneath it 
another i and then we have in the second line the whole 
series of squares. It will be noticed that when we add 
two numbers together we have the square of two, three 
numbers together the square of three, four numbers to- 
gether the square of four and so on. The following 
figures will illustrate this property of numbers : 



iS6 
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We build up the squares by first putting a dot in the 
comer and then adding in successive sets dots all round 
it. Each time we add an odd number of dots. 

For the second theorem we write the odd numbers 
down and then separate theni off in groups by vertical 
lines. 



I 


3.5 


7,9. M 


I 


8 


27 



IZilSf i7i 19 



64 



^i, ^3. ^5> ^7» ^9 
125 



3i» 33, 35.37,39* 41 



216 



The first number is of course itself the cube of i^ 
the sum of the next two numbers is the cube of 2, the sum 
of the three following numbers is the cube of 3, the sum 
of the four numbers following after them is the cube of 4, 
and so on. 

This theorem is first found in the Arithmetic of 
Nicomachus of Gerasa written in the first or second 
century of our era and should be known as the theorem 
of Nicomachus. 



SECTION III. 
Square Roots and Incommensurable Quantities. 

The square root of a given number is a number whose 
square is equal to the given number. 

Thus 2 is the square root of 4, 3 is the square root of 
9, 4 of 16, &c. 

If we take the series of the whole numbers we see that 
most of them cannot have a whole number as square root. 
The square roots of 2 and 3 cannot be whole numbers 
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because the square of i is less than 2 or 3 and the square 
of 2 is greater than 2 or 3 ; the square roots of 5, 6, 7 
cannot be whole numbers for the square of 2 is less than 
5, 6 or 7 and the square of 3 is greater than 5, 6 or 7. But 
these square roots cannot be fractions either, for we can 
shew that the square of a fraction must always itself be a 
fraction. Take any fraction and suppose it reduced to its 
lowest terms so that numerator and denominator are 
prime to one another, the square of the fraction will be 
equal to the square of the numerator divided by the square 
of the denominator. But since the denominator is prime to 
the numerator it is also prime to the square of the nume- 
rator and therefore neither the denominator itself nor its 
square can divide the square of the numerator exactly. 
Hence the square of a fraction cannot be a whole 
number. 

Can then any meaning be attached to the expression 
square root of 2, for example : since this square root can 
be neither a whole number nor a fraction? — We can find 
a geometrical meaning for the expression square root of 2. 
Take a right-angled triangle each of whose shorter sides 
is one inch in length, then the square on the longest side 
will be equal to 2 square inches. This is a particular 
case of the general proposition proved in the last sec- 
tion and it may be shewn directly from the following 
figure. 

The dark lines represent a right-angled triangle, with 
two equal sides. On each of the sides of the triangle 
a square is constructed and the squares are divided 
into triangles. The large square contains four of these 
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triangles and each of the small squares will contain two of 
these triangles. Therefore the large square is equal to the 
sum of the small squares and if the small squares be each 
a square inch, the large square will contain two square 
inches. Hence the square root of 2 which is commonly 

written si 2. may be considered to be the length, expressed 
in inches of the longest side of a right-angled triangle, 
when each of the shorter sides is one inch ; or in other 

words V2 may be considered to be the length of a diagonal 
of a square when each of the sides is i. 

Now it is obvious geometrically that according as a 
line is greater or less than another line, its square is 
greater or less than the square of that line ; and conversely 
according as the square of a line is greater or less than 
the square of another line so is the first line greater or less 
than the second line. A line si 2. inches in length must 
then be greater than any line whose square is less than 2 
square inches, and less than any Une whose square is 
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greater than 2 square inches. For example sfl inches is 
greater than i inch since i square inch is less than 2 
square inches, and less than f inch, since f square inches 
are greater than 2 square inches. Since this relation is 
independent of the special unit chosen whether inch, foot, 

yard, &c., we may say simply V2 is greater than i and 
less than f . And we have seen that the number of 
square inches, feet, &c., in a square is the arithmetical 
square of the number of inches, feet, &c., in the side of 
the square, whether that number be whole or fractional. 
We come then to the following arithmetical definition 

of V2. 

The square root of 2 is not equal to any number, whole 
or fractional, but is always greater than any number whose 
square is less than 2, and less than any number whose 
square is greater than 2. 

Thus like the whole number 6 or the fraction f or any 

other symbol, V2 is defined by its fundamental relations 
to other symbols. 

Though si 7. cannot be expressed exactly by any fraction 
we can find fractions which will differ from it by less than 
any number we please. 

For instance, we want to express V2 approximately as 
so many fifths. We multiply 2 by 25 and find the square 
root of the square number nearest to 50. In this case it 

is 7, and since 2 is greater than the square of \ or f |, V2 

is greater than \, But since 2 is less than ff , V2 is less 

than f and therefore V2 must differ from \ by less than \. 
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So if wanted to find a fraction differing from ^2 by less 
than a tenth, a hundredth, a thousandth, a millionth, &c., 
we should multiply 2 by the square of ten, one hundred, 
one thousand, one million, &c. and find the square root of 
the nearest square number. We can thus find fractions 

approaching sjz as closely as we please. 

The general method of carrying out such calculations 
will be explained in the next section, but a special mode 

of approximating to \/2 deserves mention from its early 
•date and from being a simple case of a general theory 
discovered long afterwards. It is given by Theon of 
Smyrna, an arithmetician who lived in the beginning of 
the 2nd century of our era. 

We form two rows of numbers each beginning with i, 
and write them one above the other. The pair of numbers 
in each vertical line is formed from the preceding pair 
thus : we add the two numbers to make the next lower 
number ; we add the upper number to twice the lower to 
make the next upper number. The rows will be, 

I 3 7 17 41 ... 
I 2 5 12 29 ... 

since i and i make 2, i and twice i make 3, 3 and 2 make 
5, 3 and twice 2 make 7, &c. The numbers in the vertical 
lines are respectively the numerators and denominators of 
fractions which continually approach si 2 and which are 
alternately greater and less than hj2. Thus f is greater 
than V2, \ is less than \/2, \k is greater than V21 &c. 
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Since no whole number can have a square double the 
square of another whole number, it is impossible that the 
side and diagonal of a square can be expressed at once as 
whole numbers in terms of any unit of measure. In other 
words, the side and diagonal of a square cannot both be 
measured exactly by the same straight line ; they can have 
no common measure. Two lines so related are called 
incommensurable. Of course such a relation is only a 
conception ; it cannot be shewn to exist between the lines 
we meet with in actual experience. Any real physical line 
can be expressed by some whole number or fraction in 
terms of any other. For instance, if the hundredth of an 
inch were the utmost length we could distinguish by the 
eye we should when measuring with no other help express 
every line as so many hundredths of an inch. The diago- 
nal of a square whose side was an inch would appear to 
be i]^ inches in length. We can only create a difference 
by thought, and we do so by assuming as true beyond the 
limits of the senses properties which we perceive to be true 
within those limits. 

A line which is incommensurable with the unit of 
measure is said to contain an incommensurable number 
of these units. It follows that the essential property and 
therefore definition of an incommensurable number is that 
it can be approximated to indefinitely but never expressed 
exactly by means of fractions. The square roots of 2, 3, 
5, are examples of such numbers. 

The cube root of a given number is a number whose 
cube is equal to the given number. Thus 2 is the cube 
root of 8, 3 is the cube root of 27, 4 of 64, &c. 

C. II 
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The fourth root of a given number is a number whose 
fourth power is equal to the given number, and similar 
definitions apply to all other roots. Thus 5 is the 4th 
root of 625, 6 is the 4th root of 1296, 4 is the 5th root of 
1024, 3 is the 6th root of 729, 2 is the 7th root of 
128, &c. 

The cube roots of 2, 3, 4, 5, 6, 7 are clearly not whole 
numbers, and it may be proved that they cannot be frac- 
tions. The cube root of 2 can however be expressed as 
nearly as we please by fractions if we assume that it is 
greater than any fraction whose cube is less than 2 and 
less than any fraction whose cube is greater than 2, and 
this also applies to the other cube roots. These cube 
roots are therefore what we have called incommensurable 
numbers. So likewise are the fourth roots of all the whole 
numbers from 2 to 15, the fifth roots of all the whole 
numbers between 2 and 63, &c. 

Besides the roots of whole numbers and fractions there 
are other incommensurable numbers. The number which 
expresses the circumference of a circle in terms of its 
diameter is an example. This number is greater than 3 
and less than 4, greater than 3*1 and less than 3*2, greater 
than 3* 1 4 and less than 3*15, and we can continue the 
approximation as far as we wish. But we can never 
express the number exactly by means of any fraction. 

When the length of a line is expressed in terms of 
some unit of measure by means of an incommensurable 
number, that length is defined exactly. There cannot be 
two lengths expressed by the same incommensurable 
number. For if it were possible these lines must differ by 
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some length, and any length, however small, will be 
greater than some fraction of the unit of measure. Let 
them differ by a length greater than Yxftnr o^ the unit. Now 
let us approximate to the incommensurable number as far 
as thousandths, and let us suppose that it lies between 
3*141 and 3*142. Then we shall have two lines, each 
greater than 3i^o^ of the unit of measure, and each less 
than 3i^{^ of the unit of measure differing by more than 
ToW ^^ t^^ "^^t » ^"t this is clearly impossible. Hence 
only one length is expressed by an incommensurable 
number, when the unit is given. 

We have extended the term 'number' from its original 
meaning of whole number first of all to fractions, and then 
to incommensurable numbers. We must now see if the 
same fundamental arithmetical laws will still hold true. 
Take for example the commutative law of addition, is the 

result the same whether we add sj^ to \/3> or \/3 to si 2} 

We know that \/2 is greater than \ and less than f , 

and that x/3 is greater than f and less than f . It follows 

that by adding \/3 to x/2 we obtain a sum greater than 
the sum of \ and f , and less than the sum of f and \ ; 
that is to say, greater than ff and less than ^ . In the 
same way by taking continually closer approximations 
to the values of a/2 and V3 we can find two fractions as 
nearly equal as we please between which the sum in 
question must lie. But we shall obtain exactly the same 

fractions if instead of adding ^3 to tji we add V2 to 

\/3, since the commutative property is true for fractions. 
Now we have defined an incommensurable number when 

II — 2 
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we have found fractions indefinitely near to one another 
between which that number must lie. Hence the sum of 
x/2 and siz must be equal to the sum of x/3 and V2 . 

By the same method we could prove any other of the 
five fundamental laws. Incommensurable numbers there- 
fore have the same general properties and may be treated 
by the same processes as whole numbers and frac- 
tions. 

Note, The proof given above that the diagonal of a 
square is incommensurable with the side is found in the 
last proposition of the loth book of Euclid, It applies 
equally to the square roots of all numbers that are not 
exact squares. Another special proof is given in the 
same proposition^ and is as follows. If possible let sj2 be 
equal to a fraction in its lowest tenns. Then the square 
of the numerator of that fraction will be double the 
square of tJie denominator, afid will tJierefore be an even 
number. Hence the numerator itself must be an even 
number^ for the square of an odd number is odd. Now 
the fraction is in its lowest terms. Therefore the de- 
nominator must be odd, or else the numerator and the 
dehomifiator would not be prime to one another and the 
fraction would not be in its lowest terms. Again, since 
the numerator is divisible by 2, its square must be four 
times the square of some other number. But its square 
is only twice the square of the denominator. Therefore 
the square of the denominator is twice the square of this 
other number and is even. Hence the denominator 
itself is even. It is then both even and odd, which is 
absurd. 
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This proof is of historical interest^ since it probably 
represents the mode in which Pythagoras himself or his 
immediate followers proved the proposition. 

The following proof which requires a little knowledge 
of geometry^ depends on the method of finding the 
greatest common measure, 

ACB is a right-angled triangle with the right angle at 
C and the sides AC, CB equaL By describing an arc of 




a circle we cut off AD equal AC. Then any line which 
measures both AC and AB must measure DB. We 
draw DE at right angles to DB, and by drawing an arc of 
a circle cut BF equal to BD. Then CE is equal to DE 
^r DB and BF is equal to BD. Hence by taking 2BD 
from CB we obtain EF, and any line which measures AC 
and DB must measure EF. But we can repeat exactly 
the same process with EF and ED, and however long we 
continue it there will still be a remainder. Hence no line 
measures both AC and AB. 
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This proof gives all the approximation to sfi already 

AC 
mentioned, DB is less than — therefore AB is less 

than SAC. For the same reason EB is less than 5DB, 
therefore CB is less than ^DB and DB is greater than 
§CB. Hence AB /j greater than ^AC. Again^ EB w 
greater than \ DB, CB is greater than ^DB, DB ^f /fjj 
M^z;/ 3^CB tf//^ AB /j /^JJ than ^|AC. 



SECTION IV. 
Ratio and Proportion continued. 

The definitions of ratio and proportion given in a 
former section are not applicable to incommensurable 
quantities. We must see how we can extend these defi- 
nitions so as to include this new kind of quantities. We 
shall find that this is equivalent to defining the meaning 
of number in its widest sense. We will inquire then 
what signification we are to attach to the word "number" 

when we speak of 6, f and Vs as "numbers". 

In the first place the conception of number involves 
two quantities of the same kind; one quantity to be 
measured and one to serve as unit of measure. A line bv 
itself or an interval of time by itself can have no relation 
to a number. They may be expressed by one, ten, a 
million, or any other number according to the unit 
chosen. 

The number which expresses one quantity in terms of 
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another quantity of the same kind is called the ratio of 
the first quantity to the second. When we have defined 
either of the terms "number", "ratio", we shall at the 
same time have defined the other. But "number", 
"ratio" are fundamental conceptions, and can only be 
defined by defining their essential relations. The first 
and most important of these relations is that of equality 
or identity. What do we mean when we speak of the 
number by which a length is expressed in terms of 
another length as identical with the number by which an 
interval of time is expressed in terms of another interval 
of time? In other words, what do we mean when we say 
the ratio of a first quantity to a second quantity is identi- 
cal with the ratio of a third quantity to a fourth quantity ? 
Such a relation between four quantities is called propor- 
tion. We see then that the explanation of the terms 
number and ratio will result from the definition of pro- 
portion. We may remark beforehand that in a propor- 
tion the first and second quantities must be of the same 
kind, and so also must the third and fourth, but it is not 
necessary for these two kinds to be identical. Remem- 
bering this we may give the following definition of pro- 
portion. 

Four quantities are said to be in proportion if, when 
we divide the second into equal parts, and also the fourth 
into equal parts so that to every part of the second there 
corresponds a part of the fourth, and take several parts of 
the second and also several parts of the fourth, every 
part of the second again corresponding to a part of the 
fourth ; then according as the whole quantity formed by 
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the parts of the second is greater, equal, or less than t 
first, so is the whole quantity formed by the parts of t 
fourth greater, equal, or less than the third. The fi. 
quantity is then said to be to the second as the third is 
the fourth. 

If we assume as we legitimately may that the mean! 
of equality of whole numbers is known (Introductic 
we can put the definition in a shorter form. The criteri 
of proportionality will then be as follows. 

Divide the second quantity into equal parts and t 
fourth quantity into the same number of equal parts ; ta 
any number of the parts of the second and the sai 
number of the pans of the fourth, then according as t 
whole formed by the parts of the second is greater, equ 
or less than the first, so the whole formed by the parts 
the fourth must be greater, equal, or less than the thi 

We must next define what is meant by the sum 
two numbers. 

The sum of the numbers by which two quantities s 
expressed in terms of a third quantity is the number 
which the sum of the quantities is expressed in terms 
the third quantity. 

But is the sum of two numbers independent of 1 
unit of measure by means of which the quantities i 
expressed? If we take a fourth and fifth quantity i 
pressed in terms of the sixth by the same numbers as I 
first and second are in terms of the third, will the sum 
the fourth and fifth quantities be expressed in terms 
the sixth by the same number as the sum of the first a 
second is in terms of the third ? 
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To prove this is the same as to prove the following 

theorem : 

If we have six quantities, such that the first, third, 
fourth, sixth and also the second, third, fifth, sixth are 
proportional, then the sum of the first and second will 
be to the third as the sum of the fourth and fifth is 
to the sixth. 

We assume what has been shewn in the introduction, 
that the sum of two whole numbers is independent of the 
special objects to which those numbers apply. 



R 

l-l-l- 

P Q 



E 



We represent the quantities by lines A^ B,Cy Z>, -£", F. 
We divide C and F each into the same number of equal 
parts, say into 10 equal parts, and take, suppose, 13 of 
the parts of C and also 13 of the parts of F, And in 
the first place let the whole line formed by A and B 
be greater than the 13 parts of C, then we must shew 
that the whole line formed by D and E is greater than 
the 1 3 parts of F, 

Let PQ be one of the parts of C. Then the line 
formed by A and B exceeds 13 times PQ by some quan- 
tity, and this quantity however small must be greater 
than some part of PQ, Let it be greater than the third 
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triangles and each of the small squares will contain two of 
these triangles. Therefore the large square is equal to the 
sum of the small squares and if the small squares be each 
a square inch, the large square will contain two square 
inches. Hence the square root of 2 which is commonly 

written si 2. may be considered to be the length, expressed 
in inches of the longest side of a right-angled triangle, 
when each of the shorter sides is one inch ; or in other 

words si 2. may be considered to be the length of a diagonal 
of a square when each of the sides is i. 

Now it is obvious geometrically that according as a 
line is greater or less than another line, its square is 
greater or less than the square of that line ; and conversely 
according as the square of a line is greater or less than 
the square of another line so is the first line greater or less 
than the second line. A line si 2. inches in length must 
then be greater than any line whose square is less than 2 
square inches, and less than any line whose square is 
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part of PQ, Divide C into 30 equal parts, each equal 
to PP, then PQ will contain 3 of these parts ; and the 
line formed by A and B exceeds 13 times PQ or 39 
times PP by a quantity greater than PP. Therefore 
this line is greater than 40 times PP, Now if we take 
successively i, 2, 3, 4, &c. times PP we shall arrive at 
a multiple of PP just greater than A. Suppose then 
A is greater than 27 times PP and less than 28 times PP. 
Since A is less than 28 times PP, and the whole line is 
greater than 40 times PP it will follow that B is greater 
than 12 times PP, Now divide P into 30 equal parts, then 
since A is greater than 27 times PP, D will be greater than 

27 of these parts, and since B is greater than 12 times 
PR, E will be greater than 12 of these parts. Hence 
the whole line formed by D and E is greater than 39 
of the 30th parts of F and therefore greater than 13 
of the loth parts of F, since each loth part contains 
three 30th parts. 

Next let the line formed by A and B be less than 
13 times the loth part of C, then we must shew that the 
line formed by D and E is less than 13 times the loth 
part of F, 

Making the same suppositions as before, we shall 
have the line formed by A and B less than 38 times PR, 
Also if ^ is greater than 27 times PR and less than 

28 times PR, B will be less than 1 1 times PR, Hence 
D is less than 28 times the 30th part of F, and E is less 
than 1 1 times the 30th part of F, Therefore the whole 
line formed by D and E is less than 39 times the 30th 
part ol F, or than 13 times the loth part of i^ 
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Lastly, if the line formed by A and B is equal to 
13 times the loth part of C, the line formed by D and 
E is equal to 13 times the loth of F For if that line 
were either greater or less than 13 times the loth part 
of /% it would follow from what has gone before by inter- 
changing A and B, D and -£", C and F that the line 
formed by A and B was greater or less than 13 times 
the loth part of C, and this is contrary to the supposition. 
The theorem is then completely proved. 

We can extend the definition of addition so that it 
may apply to three or more numbers. If we take as 
many quantities as we please, then the sum of the num- 
bers by which these quantities are expressed in terms 
of any unit of measure is the number by which the sum 
of these quantities is expressed in terms of the same 
unit of measure. It is easy to shew that this sum is 
independent of the particular unit of measure chosen. 
For if we first take two numbers and then add a 
third to their sum, and repeat the process till all the 
numbers are added, we shall by the preceding theorem 
at each step obtain a result independent of the unit of 
measure. It is also obvious that the sum is not affected 
by the order in which the numbers are added. - The 
commutative and associative properties hold. 

If the numbers added are all equal we shall obtain 
the multiple of a number. As a particular case of the 
preceding definition we may say that the multiple of the 
number by which any quantity is expressed in terms of 
a unit of measure is the number by which the same 
multiple of that quantity is expressed in terms of the 
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same unit of measure. Also if we wish to divide a 
number into equal parts we must divide the correspond- 
ing quantity into equal parts, and find the number by 
which one of those parts is expressed. And lastly, to find 
any fraction of a number such as 13 times the loth part 
of a number, we must find 13 times the loth part of the 
corresponding quantity. We can prove without diffi- 
culty that in all these cases the number we obtain is 
independent of the unit of measure. For example, if 
the quantity A is expressed in terms of B by the same 
number as C is in terms of D, then the 4th pait of A 
will be expressed in terms of B by the same number 
as the 4th part of C is in terms of D. For suppose the 
4th part of A contains more than 3 times the 7th part 
of By then A will contain more than 12 times the 7th 
part of B\ hence C will contain more than 12 times 
the 7th part of Z>, and the 4th pait of C will contain 
more than 3 times the 7th part oi D. In the same way 
we shew that if the 4th part of A is equal to or less 
than 3 times the 7th part of B, the 4th part of C will 
be equal to or less than 3 times the 7th part of D, 

When we are simply concerned with whole numbers, 
the multiplication of one number by another is a par- 
ticular case of the addition of several numbers. But 
when we are treating of numbers generally this is not so, 
and we require an independent definition of multiplica- 
tion. 

To multiply one number by another assume any unit 
of measure and take a quantity expressed by the first 
number. Find another quantity which stands to this 
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line in the ratio of the second number. Then the 
number by which this other line is expressed will be 
the product required. 

That is to say, if A, B, C be three quantities, then 
the number which expresses B in terms of C multiplied 
by the number which expresses A in terms of B is equal 
to the number which expresses A in terms of C, or in 
other words the ratio of ^ to C multiplied by the ratio 
of ^ to B is equal to the ratio of A to C. 

In order to establish the properties of multiplication 
we require the two following theorems. 

1. If -^ is to ^ as C is to D then ^ is to ^ as Z? is 
to C. 

2. The ratio of any fraction of A to the same fraction 
of B, for example, three-fifths of A to three-fifths of By 
is equal to the ratio of A to B. 

Their proof is left to the reader. 

We must shew that, as in the case of addition, the 
number we obtain is independent of the particular unit 
of measure chosen. We must prove the following theo- 
rem. If A B, C, Dy E, F be six quantities, and if the 
ratio of -^ to ^ be equal to the ratio of D\,o E and the 
ratio of ^ to C to the ratio of E to Fy then the ratio of 
^ to C will be equal to the ratio of D to F. 

A D 

B E 

C F 



Represent these quantities by straight lines. Divide 
C and F into lo equal parts, and suppose A is greater 
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than 13 of the parts of C, then we must shew that Z? 
is greater than 13 of the parts of i^ By however small 
a quantity A exceeds the 13 parts of C this quantity 
must be greater than some part of B. Let it be greater 
than the 9th part of B. Suppose the 13 parts of C 
to be greater than 5 of the 9th parts and less than 6 
of the 9th parts of B. Then A will be greater than 6 
of the 9th parts of By and therefore D will be greater 
than 6 of the 9th parts of £. Now when -ff is to C 
as E IS to F it is easy to shew that C is to B sls F 
to £", and therefore the ratio of the 13 parts of C to ^ 
is the same as the ratio of the 13 parts of F to £, 
But the 13 parts of C are less than 6 of the 9th parts 
of B. Therefore the 13 parts of F are less than 6 of 
the 9th parts of E. And D is greater than 6 of the 
9th parts of £. Hence D is greater than 13 of the loth 
parts of F. The mode of completing the proof is 
obvious. 

We must now see if multiplication so defined pos- 
sesses the properties that hold for the multiplication of 
whole numbers. We begin with the commutative pro- 
perty. We must shew that the product of two numbers 
is unaltered, when the multiplier and multiplicand are 
interchanged. 

Take four quantities in proportion Ay B, C, J9, and 
call the ratio of A to B the first number and the ratio 
of ^ to C the second number. Then the ratio of ^ to C 
is the result of multiplying the second number by the 
first. But the ratio of C to Z> is also the first number, 
and therefore the ratio of B to D is the result of multi- 
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plying the first number by the second. We have then 
to prove that -^ is to C as ^ is to Z>. 

First, we will shew that when A, B^ C, D are in pro- 
portion then according as B is greater, equal, or less than 
D so A is greater, equal, or less than C. Suppose B 
equal to Z>, A cannot be greater than (7, for if possible 
let it exceed C by more than the loth part of B or D. 
Let C contain more than 3 times and less than 4 times 
the loth part of B. Then A will contain more than 
4 times the loth part of B. But it ought to contain less 
than 4 times the loth part of B. Hence A cannot be 
greater than C and neither can C be greater than A, 
Therefore A and C are equal. Next suppose B greater 
than Z>. A cannot be equal to C, for then since B is 
to -^ as Z> is to C, B would be equal to D contrary to the 
supposition. Nor can A be less than C. For if possible 
let A be less than C by a quantity greater than the loth 
part of D. Then if C is greater than 3 times and less 
than 4 times the loth part of Dy A will be less than 
3 times the loth part of Z>. But since B is greater than 
/>, the loth part of B is greater than the loth part of Z>. 
Therefore A is less than 3 times the loth part of B. 
But since C is greater than 3 times the loth part of D, 
A ought to be greater than 3 times the loth part of B. 
A cannot therefore be less than C, and since it was shewn 
that A cannot be equal to C it follows then A must be 
greater than C. Similarly if B were less than Z>, A would 
be less than C. 

Now divide C and D into any number of parts, say 12, 
and take any number, say 5, of these parts. Then the 
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following four quantities are in proportion, A, B, the 5 
parts of C and the 5 parts of D, Hence according as 
A is greater than, equal to, or less than the 5 parts of C, 
so is B greater than, equal to, or less than the 5 parts of 
Z>. Therefore A^ C, B, D are in proportion. 

We must next consider the distributive law. We 
must shew that if we multiply a number by the sum of 
two numbers the result we obtain is the sum of the results 
we should have obtained if we had multiplied by each of 
the numbers separately. Let C represent in terms of 
some unit of measure the multiplied number, and let the 
ratios of ^ to C and ^ to C be the other two numbers. 
Then the ratio of the sum of the lines A and B to C will 
be the sum of these two numbers. Hence the whole line 
formed by joining ^ and ^ represents the product 
obtained when we multiplied C by this sum. But these 
lines A and B are separately the results obtained by 
multiplying C by each of the two numbers in turn. 
The whole product is therefore the sum of the separate 
products. 

The associative property is as easily proved. Repre- 
sent the three numbers by the ratios of A to B^ of ^ to C 
and of C to D. The result of multiplying the third by 
the second is the ratio of B to Z>, and the result of 
multiplying this product by the first s the ratio of A to 
D, Again, the result of multiplying the second by the 
first is the ratio of A to C, and the result of multiplying 
the third by this product is the ratio of A to D, Which- 
ever way we proceed the product of the three numbers 
will be the same. 
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We have now defined addition and multiplication and 
shewn that these operations possess for numbers generally 
the same fundamental properties as for whole numbers. 
We pass over subtraction since its definition and pro- 
perties are obvious. We come then to division. To 
divide one number by another is to find a number which 
by multiplying the second number produces the first 
number. Hence the result of dividing the ratio of A to 
C by the ratio of 5 to C is the ratio of A to B, 

Since numbers can be divided into equal parts and 
multiples of those parts can be taken, we can apply the 
definition of proportion to numbers as well as to concrete 
quantities. The ratio of two quantities will be equal to 
the ratio of the numbers by which these quantities are 
expressed in terms of any unit of measure. This can 
be shewn at once by using the definition of equality of 
ratio. But this ratio of two quantities is we have just 
seen the result of dividing the number which expresses 
one of the quantities by the number which expresses 
the other of the quantities. The result of dividing one 
number by another and the ratio of two numbers are 
therefore identical. 

The numbers which express two quantities can be 
multiplied or divided by any number by altering the unit 
of measure. Hence the ratio of two numbers is unaltered 
if these numbers are both multiplied or divided by the 
same number. 

The ratio of two numbers is often indicated by placing 
the sign : between the numbers. But it may also be 
expressed by writing one number over the other in the 

C. 11. 
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form of a fraction. Thus we can write the ratio of ,J6 

to V15 either as ^^6 : V^S or as -y— . Adopting the 

latter form we can call the first number the numerator 
and the second the denominator of the fraction. But it 
must be remembered that in this general case the fraction 
is a number of exactly the same kind as its numerator 
and denominator and only differs from them in the 
accidental form of its expression. 

We can easily extend to these fractions the theorems 
proved true for ordinary fractions. Thus to multiply a 
fraction by any number we rnay multiply its numerator 

by that number. For example the product of -y— and 

»J7 is the same as the product of 1J6 and >J7 divided by 
VTg. To shew this we have only to shew that if we 
multiply the former product by V15, we obtain the pro- 
duct of >J6 and s/j. But this follows from the fact that the 

order in which the three numbers —, — , Jj and Ji^ are 

V15 

multiplied together is indifferent. Similarly we can shew 

that we divide a fraction by a number if we multiply its 

denominator by that number. 

If four quantities in proportion be expressed by num- 
bers in terms of any unit of measure we shall have four 
numbers in proportion. For example ^6, y/iSffJiA, nJss 
are in proportion. This relation is often written in the 
following way, 0J6 : ^1$ :; ^14 .' V35. Or we may express 

both ratios as fractions and say ~— is equal to %-^ . AH 

V15 ^ V35 
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the properties proved for quantities in proportion will be 
true for numbers in proportion. Thus if 

we shall have V^S • V6 :: ^35 • Vh> 
and y/6 : v/14 :: y/iS - ^35- 

Of course when the fundamental properties of numbers 
are taken for granted, these properties of numbers in 

proportion can be proved easily. For example if ^ - 

is equal to ^y-^ we have, multiplying by the product of 
»^35 

x/15 and V3S> the product of »J6 and V35 equal to the 
product of ^1$ and tji4; and dividing by the product 

of iv^i4 and V35 we have X— equal to ^7—^ . But it would 

vi4 v35 

be reasoning in a circle to attempt to prove the funda- 
mental theorems relating to the proportion of quantities 
by expressing the quantities as numbers in terms of some 
unit of measure and then assuming the properties of 
numbers. For these latter properties depend on the very 
theorems it is desired to prove. 

Euclid's definition of proportion is as follows : 
Quantities are said to be in the same ratio, the first to 
the second and the third to the fourth when equal multiples 
of the first and third are at the same time greater equal 
or less than equal multiples of the second and fourth, what- 
ever multiples be taken. 

It is easy to see the connection of this definition with 
the one we have given. Suppose we have two squares 

12 — 2 
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and we wish to prove that the ratio of the diagonal to the 
side in one square is equal to the ratio of the diagonal to 
the side in the other square. We should divide the sides 
in 2, 3, 4, &c. parts and shew that the diagonals contained 
more than 2, 4, 5, &c., and less than 3, 5, 6, &c. of these 
parts. Euclid would shew that 2, 3, 4, &c. times the 
diagonal was in each case greater than 2, 4, 5, &c., and 
less than 3, 5, 6, &c. times the side. In arithmetical 

language we should define \^ by shewing that it was 
less than f and greater than ^, &c. Euclid would define 
V2 by shewing that twice V2 was less than 3, 5 times 

V2 greater than 7, &c. The two methods are at once seen 
to be equivalent. 



SECTION VI. 
Extraction of Square Roots. 

In the extraction of square roots two cases present 
themselves. We may either wish to find the square root 
6f a number which is an exact square or we may wish to 
approximate to the square root of a number which is not 
an exact square. We begin with the former case and we 
consider whole numbers first. 

When the number is given us it is easy to tell how 
many figures there will be in the root. For the squares of 
all numbers less than 10 are less than 100, the square of 
all numbers less than 100 are less than 10,000, the square 
of all numbers less than 1,000 are less than 1,000,000. 
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Hence if the number contain i or 2 figures, its square 
root will contain i figure, if the number contain 3 or 4 
figures, its square root will contain 2 figures, if the 
number contain 5 or 6 figures its square root will contain 
3 figures. 

When the root contains one figure we can only deter- 
mine it from our knowledge of the squares of the first 
nine numbers. These squares must be remembered in 
extracting the square root, just as the multiplication table 
must be remembered in division. 

When the number contains 3 or 4 figures we can also 
determine the root at once if the last two figures are o. 
For instance the square root of 900 is 30, the square root 
of 6400 is 80. 

Suppose |iow we have a number of 3 or 4 figures and 
with a square root therefore of 2 figures, and that the 
last two figures are not o ; for example the number 3969. 
We can find without difficulty the first figure of the root, 
for 3969 is greater than 3600 and less than 4900, and 
hence its root must be greater than 60 and less than 70. 
The first figure of the root must then be 6 or the root is 
60 together with some one of the first nine numbers. 

Now the square of 60 and any number is equal to the 
square of 60 together with twice the product of 60 and 
the number and the square of the number. The whole 
square is then the sum of 3600, 120 times the number and 
the square of the number. 

But we wish the whole square to be 3969. Taking 
away 3600 we have then 120 times the number together 
with the square of the number equal to 369. Hence 369 
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is greater than 120 times the number and the number 

cannot be greater than 3. We try if 3 is the required 

number and we find that 120 times 3 is 360, and the 

square of 3 is 9. Therefore 3 is the figure in the unit's 

place and 63 is the square root of 3969. 

Since 3 times 120 together with the square of 3 (or 3 

times 3) is the same thing as 3 times 123, the work may 

be written thus : 

3969(63 
3600 

123)169 

369 

In finding the 6 we take no notice of the last two 
figures but see what is the greatest square contained in 
39. This is 36 and therefore 3600 is the greatest square 
of a multiple of 10, which is less than 3969. We subtract 
3600 from 3969 and find the remainder 369. We divide 
369 by 120 the double of 60 and find the quotient 3. We 
add 3 to 120 and multiply the sum 123 by 3. This makes 
369 and therefore 63 is the square root required. 

The o's can be left out as in division and we can write 
the work thus : 

3969 (63 

123) 369 
369 

Two fresh figures are brought down at a time and not 
one as in division. 

As another example we will find the square root of 
205,209. Since this number has 6 figures the square root 



EXTRACTION OF SQUARE ROOTS. 1 83 

will have 3. We first of all find how many hundreds 
there are in the square root. We see that 20 is less than 
25 the square of 5, and greater than 16 the square of 4. 
It follows that 205,209 must be less than 250,000 the 
square of 500 and greater than 160,000 the square of 400, 
and hence 4 must be the first figure of the square root. 
We may continue the work thus : 

205209 (453 
26 

85) 452 
425 
903) 2709 
2709 

We subtract 16 the square of 4 from 20, the remainder 
is 4. We bring down two fresh figures, double the 4 to 
obtain 8 and then seek the quotient when 452 is divided 
by 80. This is 5, we add the 5 to the 80 and multiply 85 
by 5. We subtract the product from 452 and bring down 
two fresh figures. We double the 5 and adding the result 
to the 80 obtain 90 which is the double of 45, We divide 
2709 by 900 and obtain 3 as quotient. We add the 3 to 
the 900 and multiply 903 by 3. The result is 2709 and 
therefore 453 is the square root required. 

To justify this process, we observe that the square 
root of 205209 must contain as many tens as the square 
root of 2052 does units. We can then proceed to extract 
the square root of 2052 in exactly the same way as in the 
former example where the number only contained four 
figures. We find that 2052 exceeds the square of 45 by 27. 
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Hence 205209 exceeds the square of 450 by 2709. Now 
the square of 450 and any other number is equal to the 
square of 450 together with twice the product of 450 and 
the other number and together with the square of the 
other number. It follows that 900 times the other number 
and the square of the other number must be together 
equal to 2709. Therefore the other number cannot be 
greater than 3. We try 3 and find that 3 times 900 and 
the square of 3 (or what is the same thing 3 times 903) are 
together equal to 2709. 

Even in division we have to guess the successive 
figures of the quotient and we may not always find the 
right figure at the first trial. This is more frequently the 
case in extracting the square root since neither divisor nor 
quotient are exactly known. When it happens we must 
try the next lower figure which will generally be right. 

As a last example we will find the square root of 
80030916. The work will require no further explanation. 

80030916 (8946 

169) 1603 
iq2I 



1784) 8209 
7136 



17886) 107316 
107316 

We proceed to the approximate extraction of square 
roots and take as an example the square root of 2. The 
square root of 200 is ten times the square root of 2. Hence 
to find the square root of 2 to one place of decimals we 
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need only divide the square root of 200 by 10, or what is 
the same thing, put a decimal point before the last figure 
of that square root. The work is then as follows : 

2* (1*4 

2*4) roo 
96 

4 

Hence i '4 is approximately the square root of 2. 

Again the square root of 2 is the hundredth part of 
the square root of 20,000 ; so that by bringing down two 
more o's we can find the square root to two decimal 
places. 

2* (1*41 



2*4) roo 
96 



2*8 1 ) 400 

281 

119 

The reader who has worked out the examples on ap- 
proximate multiplication and division will find no difficulty 
in extracting the square root of a number correctly to any 
required number of places. If we are working to 8 places 
the rule is simply to leave out all figures that would come 
in the succeeding decimal places. In consequence, after 
the first four figures have been found, the process comes 
to be identical with approximate division. The following 
example where the square root of 2 is found to 8 decimal 
places — 7 of which ought to be correct — will be easily 
understood. 



CHAPTER VII. 



Properties of Numbers. {Continued?) 



SECTION I. 
Permutations. Variations and Combinations. 

The questions we shall consider in this section belong 
to an entirely new class and will be solved without em- 
ploying any previous theorems. 

The number of permutations of a set of objects is the 
number of ways in which all those objects can be arranged 
one after another. 

Suppose the objects to be letters. The number of 
permutations of two letters a and b is two, since ab and ha 
are the only ways in which the letters can be written 
together. 

If we have three letters ^^, b^ c we can suppose each of 
them in turn to be the last letter. If ^ were the last letter 
we could write the letters a and b before it in the two 
ways already mentioned, namely ab and ba. In the same 
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way if b were the last letter we could write the letters a 
and c before it in two ways ac and ca^ and again, if a were 
the last letter we could write the letters b and c before it 
in two ways be and cb. While still keeping any one of the 
letters abc last we have then two ways of writing these 
three letters, and therefore altogether the number of ways 
is 3 times 2 or 6. This will be seen clearly if we write the 
letters thus : 



ab 
ba 



c 
c 



ac 
ca 



b 
b 



be 
cb 



a 
a 



The vertical line is drawn separating the last letter 
from the two others so as to shew how the different per- 
mutations are formed. 

We proceed in the same way for four letters «, ^, ^, d. 
We make d first of all the last letter and then we write the 
letters ^, ^, c before it in the six ways already given. But 
if c were the last letter we could put «, 3, d before it in 
six ways and there would be six ways of writing a, c, d if 
b were the last letter and six ways of writing b, c, d if a 
were the last letter. Whichever of the letters a, b, c^ d is 
last we have then six ways and therefore altogether 4 times 
6 or 4 times 3 times 2 ways. The following mode of 
writing the four letters «, by c, d shews clearly that the 
whole number of permutations is 4 times 3 times 2. 



abc 


d 


abd 


c 


adc 


b 


dbc 


a 


bac 


d 


bad 


c 


dac 


b 


bdc 


a 


acb 


d 


adb 


c 


cu:d 


b 


deb 


a 


cab 


d 


dab 


c 


cad 


b 


cdb 


a 


bca 


d 


bda 


c 


dca 


b 


bed 


a 


cba 


d 


dba 


c 


cda 


b 


cbd 


a 
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We have altogether four columns and each of these 
columns is divided by horizontal lines into three compart- 
ments containing two permutations. The whole number 
of permutations is then the product of the numbers 2, 3 
and 4 or 24. 

If we had five letters «, ^, c, dy e by writing e as the last 
letter after the 24 permutations of «, b^ c^ d we should have 
24 permutations of «, ^, f , d^ e. We should have likewise 
24 permutations with d last, 24 with c last, 24 with b last, 
and 24 with a last. The whole number of permutations 
will therefore be 5 times 24 or 5 times 4 times 3 times 2. 

The reader can easily continue this reasoning and 
shew that the number of permutations of 6 letters is the 
product of the numbers 2, 3, 4, 5, 6 ; the number of per- 
mutations of 7 letters is the product of the numbers 2, 3, 
4» 5» 6, 7 ; and so on for any number of letters. 

The ways in which we can take a given number of 
objects from a set of objects are called variations if 
we regard the order in which the objects are arranged. 

For example we have ten messengers at our disposal, 
and we wish to send three of them to three different towns. 
The number of ways in which this can be done is called 
the number of variations of 10 things taken 3 together, 
provided we understand that if two messengers interchange 
towns it counts as a different way. Or again, we have 
five figures, say i, 2, 3, 4, 5 written on five slips of paper, 
how many distinct numbers can we make by putting two 
of these slips together ? This will be the number of varia- 
tions of 5 things taken 2 together, since 12 and 21 are 
distinct numbers. 
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We will suppose our objects to be letters and we will 
write down two of the five letters a, d, c, d, em as many 
ways as possible. Any one of the letters «, b, c, d^ e may 
be the first letter. If a: be the first we can write any one 
of the four letters ^, c^ d, e after it and shall thus have the 
four arrangements ab^ ac, ad, ae. Similarly if ^be the first 
we shall have the four arrangements ba^ bc^ bd^ be; if c be 
the first the four arrangements ca^ cb^ cd, ce\ if d be the 
first the four arrangements da, dby dcy de ; and if e be the 
first the four arrangements ea^ eb, ec, ed. We have then 
altogether 5 times 4 or 20 variations which may be written 
thus: 



ab 


ba 


ca 


da 


ea 


ac 


be 


cb 


db 


eb 


ad 


bd 


cd 


dc 


ec 


ae 


be 


ce 


de 


ed 



Next let us find the number of variations of 5 letters 
taken 3 together. Take any one of the arrangements of 
two letters ; we can write after it any one of the three re- 
maining letters to form an arrangement of three letters. 
For instance after bd we can write any one of the letters 
a^ c, e and thus form the three variations bda, bdc, bde\ 
and after ec we can write any one of the letters a, b, d and 
form the three variations eca^ ecb, ecd. We have then for 
each of the 20 variations of 5 letters taken 2 together, 
3 variations of 5 letters taken 3 together, and therefore 
there are altogether 20 times 3 or 5 times 4 times 3 
variations of 5 letters taken 3 together. These 60 varia- 
tions may be written thus ; 
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abc 


bac 


cab 


dab 


eab 


abd 


bad 


cad 


doc 


eac 


abe 


bae 


cae 


dae 


ead 


acb 


bca 


cba 


dba 


eba 


acd 


bed 


cbd 


dbc 


ebc 


ace 


bee 


cbe 


dbi 


ebd 


adb 


bda 


cda 


dca 


eca 


adc 


bdc 


cdb 


deb 


ecb 


ade 


bde 


cde 


dee 


ecd 


aeb 


bea 


cea 


dea 


eda 


aec 


bee 


ceb 


deb 


edb 


aed 


bed 


ced 


dec 


edc 



In this way it is seen clearly that the whole number of 
variations is the product of the three numbers 5^ 4, 3. 

If we wish to find the whole number of variations of 
5 letters 4 together we need only take any one of the 
variations of 5 letters 3 together such as cae and join on 
to it either of the two remaining letters b and d. We 
thus obtain two variations caeb and caed. The whole 
number of variations of 5 letters 4 together is therefore 
twice the number of variations of 5 letters 3 together. It 
is then the product of the four numbers 5,4, 3, 2. 

Lastly, if we intend to write down the whole number of 
variations of 5 things taken altogether, which is the same 
thing as the number of permutations of 5 letters, we may 
take any one of the variations of 5 letters 4 together and 
write after it the remaining letter. The number of varia- 
tions will be unaltered and so we see in a different way 
that the number of permutations of 5 letters is 5 times 
4 times 3 times 2. 

We will now take ten letters a^ b, c, //, e, /, ^, A, t\ j\ 
and we will see how many variations we can make of 
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these letters, first of all when two are taken at a time. 
We put any one of the ten letters, a for example, first and 
writing after it in turn the other 9 letters we obtain 9 
variations, namely ab^ ac, ady ae, af, ag^ ah, at, aj\ There 
are thus 9 variations whichever of the 10 letters is put 
first and therefore altogether 10 times 9 or 90 variations. 
These may be written thus ; 

ab ba ca da ea fa ga ha ia ja 

ac be cb db eb fb gb hb ib jb 

ad bd cd dc ec fc gc he ic jc 

ae be ee de ed fd gd hd id jd 

(^f bf cf df ef fe ge he ie je 

ag bg eg dg eg fg gf hf if jf 

ah bh eh dh eh fh gh hg ig jg 

ai bi ci di ei fi gi hi ih jh 

aj bj ej dj ej fj gj hj tj jt 

In order to write the variations of 10 letters taken 
three at a time, we should take any one of the above ar- 
rangements,/^ for example, and write after it in turn the 
8 remaining letters. We should thus obtain 8 variations, 
mxaoiy feayfebyfecyfed, feg, feh,fei,fej. The whole num- 
ber of variations of 10 letters taken 3 at a time will then be 
8 times 90 or the product of the three numbers 10, 9, 8. 

If we want the variations of 10 letters taken 4 at a 
time we take any one of the variations of 10 letters taken 
3 at a time and join on to it in turn the 7 remaining 
letters. The number of variations is thus increased 7 
times and is the product of the four numbers 10, 9, 8, 7. 

The reader will now without further explanation be 
able to see the truth of the following general rule ; 

C. 13 
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Take as many consecutive numbers as the number of 
letters to be grouped together, and let the highest of these 
numbers be the whole number of letters at our disposal. 
By multiplying these numbers together we shall have the 
required number of variations. 

Thus to find the number of variations of 12 letters 
taken 5 at a time we must take the 5 consecutive num- 
bers of which 12 is the highest, namely 12, 11, 10, 9, 8, 
and multiply them together. 

The ways in which we can take a given number of 
objects from a set of objects are called combinations 
when the order in which the objects are arranged is 
indifferent. 

For example, we have ten messengers at our disposal 
and we wish to send three of them together to the same 
place. The number of ways in which we can select these 
three is called the number of combinations of 10 things 
taken 3 together. Or again, the number of products we 
could form by multiplying two of the numbers i, 2, 3, 4, 5 
together would be the number of combinations of 5 things 
taken two at a time since the product of 3 and 4 and the 
product of 4 and 3 are the same. 

We will once more suppose our objects to be letters, 
and we will find the number of combinations of the 5 
letters a, by c, d, e taken two at a time. Since de and ed^ 
for example, count as the same combination but as two 
variations, and the same is true for every other combina- 
tion, it is clear that the number of combinations must be 
half the number of variations. This latter number was 
however found to be the product of 5 and 4. The 
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number of combinations must then be the product of 5 
and 4 divided by 2, that is to say 10. 

Again, let us find the number of combinations of 10 
letters taken 3 at a time. 

Let <3, by c, d, e, f, g, hy i, j be the letters. If we 
select any three of these letters, dfh for instance, we can 
form out of them several distinct variations, namely d/h, 
dkfjfdhyfhd, hdfy hfd, and the same will be true for any 
other three letters. The whole number of variations we 
can form from sets of 3 letters will be the number of per- 
mutations of 3 letters, that is to say, the product of 2 and 
3. But the three letters dhf form only one combination. 
Therefore the number of combinations of 10 letters taken 
3 at a time is obtained by dividing the number of varia- 
tions of 10 letters, taken 3 at a time, by the product of 2 
and 3. The latter number is however the product of 10, 
9 and 8. The number of combinations is then the product 
of 10, 9, and 8 divided by the product of 2 and 3. 

It is usual to say that the number of combinations is 
the product of the number 10, 9, 8 divided by the product 
of the numbers i, 2, 3. Of course the product of i, 2 and 
3, and the product of 2 and 3 are the same thing, but by 
introducing the i we have three numbers to divide by, as 
well as three numbers to multiply together, and this 
makes the result easier to remember. 

Now consider the number of combinations of 10 
letters taken 4 at a time. For every one of these combi- 
nations such as bdfh we have a number of variations 
equal to the number of permutations of 4 letters ; that is 
to say, to the product of i, 2, 3 and 4. But the whole 

13—2 
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number of variations is the product of lo, 9, 7, 8. Hence 
the number of combinations must be the product of the 
numbers 10, 9, 7, 8 divided by the product of the nimibers 
I, 2, 3, 4. 

The following then is the general rule for finding the 
number of combinations in any case ; 

Multiply together as many consecutive numbers as 
there are things to be taken at a time, and let the highest 
of these numbers be the whole number of things at our 
disposal. Divide the product by the product of as many 
numbers from i upwards as there are things to be taken 
at a time. 

This result shews the truth of the following theorem 
which has already been otherwise proved ; 

If we multiply together as many consecutive numbers 
as we choose and also multiply together an equal number 
of the first numbers of the numerical series, then the first 
product will be divisible by the second. 

For example, the product of the numbers 14, 15, 16, 
17, 18, 19 is divisible by the product of the numbers i, 2, 
3, 4, 5, 6. In fact, the quotient must be the number of 
combinations of 19 things taken 6 at a time. 

We have given a method of proving the rule for 
finding the number of variations in any case. But we 
can also deduce that result from the rule for finding the 
number of permutations of any number of letters. 

We wish to find the variations of 10 letters taken 4 
together. Imagine all the permutations of the 10 letters 
written down. Every arrangement of 4 letters will form 
in its turn the first four letters. But each arrangement 
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will come first several times. Thus the arrangement dghf 
will occur first as many times as we can write after it the 
remaining letters abceij\ that is to say, as many times as 
there are permutations of 6 letters. Hence the number 
of variations of lo letters taken 4 together is equal to 
the number of permutations of 10 letters divided by the 
number of permutations of 6 letters. It is equal to the 
product of the numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10 divided 
by the product of the numbers i, 2, 3, 4, 5, 6. This is 
the same thing as the product of the numbers 7, 8, 9, 10. 

We have seen that to find the number of combinations 
of 10 things taken 4 together we must divide the number 
of permutations of 10 things taken 4 together by the pro- 
duct of the numbers i, 2, 3, 4. Hence this number of 
combinations is equal to the product of the numbers 
I, 2, 3, 4, 5, 6, 7, 8, 9, 10 divided by the product of the 
numbers i, 2, 3, 4, 5, 6 and also by the product of the 
numbers i, 2, 3, 4. 

If we were to seek the number of combinations of 10 
things taken 6 together we should obtain the same result. 

In fact whenever we take 4 letters from 10 letters 
there must be 6 letters left, and therefore to every combi- 
nation containing 4 letters there must correspond a com- 
bination containing 6 letters. 

Another problem in permutations is to find the number 
of ways in which the letters of a word can be written 
when some of these letters occur more than once. 

In how many ways for instance can the word otto 
be written ? 

We take a word of the same number of letters but 
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with the letters all different, such 35 inio^ and write down 
its permutations. 



into 


nito 


tino 


oint 


inot 


niot 


Hon 


oitn 


iton 


ntio 


tnio 


onit 


itno 


ntoi 


tnoi 


onti 


iotn 


noit 


toin 


otin 


tout 


noti 


toni 


otni 



Now alter the n into / in all these permutations. 
We shall have every new permutation occurring twice 
over. Thus into and itno will both become itto ; inot and 
iton will both become itot ; nito and tino will both become 
titOy &c. The number of distinct permutations of itto 
must then be half the number of permutations of into ; 
since for every permutation of itto there will be two per- 
mutations oiinto obtained by interchanging n and /. The 
permutations of itto are therefore, 

itto^ itot^ iott\ titOf tiot, ttio, ttoi^ toity toti ; 
oitt, otit, ottu 

If we now make the / into the number of permutations 
will again be halved, since to every permutation of otto 
will correspond two of itto obtained by interchanging the 
o and the /. Thus itto and otti will both become otto^ itot 
and otit will both become otot We have then the fol- 
lowing six permutations of otto^ 

ottOy ototy oott ; tOtOy tOOty ttoo. 

The reader can extend this method to cases in which 
three or more letters become identical. 



ARITHMETICAL PROGRESSION. I99 

The rules for finding permutations and combinations 
were not known to the Greeks. They were discovered 
by the Hindoos and are given by a writer on astronomy, 
Bhascara, who lived in the 12th century. 



SECTION II. 
Arithmetical and Geometrical Progression. 

When the difference between any two successive 
numbers in a series is constant, the series is said to be an 
arithmetical progression. Thus numbers such as 2, 5, 8, 
II, 14, 17 are said to be in arithmetical progression, since 
each number is greater by 3 than the number imme- 
diately preceding it. The different numbers in a series 
are called its terms. In the example given 2 is the first 
term, 5 the second term, 8 the third term, &c. The 
interval between any two consecutive terms of the series 
is called the common difference. The common difference 
in the present case is 3. 

When we know the first term and the common differ- 
ence of an arithmetical progression we can at once find 
any other term. Thus, if 2 be the first term, 3 the common 
difference, the 2nd term will be 5 or 2 and 3, the 3rd 
term 8 or 2 and twice 3, the 4th term 11 or 2 and 3 
times 3, the 5th term 14 or 2 and 4 times 3, the 6th term 
17 or 2 and 5 times 3. Hence the loth term will be 2 
and 9 times 3 or 29, the 13th term 2 and 12 times 3 or 38. 
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Or again, take the series 6, 8, lo, 12, &c. and let us find 
the 20th term. It will be 6 and 19 times 2 or 44. 

There is a simple method of finding the sum of any 
number of terms of an arithmetical progression. To find 
for example the sum of the numbers 2, 5, 8, 11, 14, 17, 
we write these numbers twice over and arrange them in 
two rows, in the first row in their natural order, and in 
the second row backwards ; thus 

2, 5, 8, II, 14, 17 
17, 14, II, 8, 5, 2 

i9» 19, 19, i9» 19. 19 

Add each number to the one above it and we always 
obtain 19. The Sum of the two rows must then be equal 
to 6 times 19. But since apart from their order the 
numbers in the two rows are the same, this sum must be 
equal to twice the sum of the numbers in either row. The 
required sum is then half the product of 6 and 19 
or 57. 

Again, let us find the sum of 20 terms of the series 6, 
8, 10, 12, &c. The last term we saw was 44, the term 
before will be two less or 42, &c. Write the series both 
ways and add ; 

6, 8, 42, 44 

44> 42, 8, 6 

50, SO, 50, 50 

Since the numbers in the first row constantly increase 
by 2 and the numbers in the second row constantly 
diminish by 2, the sum of two corresponding numbers 
will be always the same number, namely 50. It follows 
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that twice the sum we require is 20 times 50 and the sum 
itself is 500. 

We have then the following rule ; 

Add the first and the last terms and multiply by 
the number of terms. Half the product will be the sum 
of the series. 

An arithmetical progression must clearly consist of 
at least three terms. When it consists of no more, the 
middle term is said to be the arithmetical mean of the 
first and last terms. Thus in the progression 2, 5, 8, 5 is 
said to be the arithmetical mean of 2 and 8. The arith- 
metical mean of two numbers is always half their sum. 
For example, the arithmetical mean of 5 and 21 is the 
half of 26 or 13. 

When in a series of numbers each number bears a 
constant ratio to the preceding number, the series is said 
to be a geometrical progression. Thus the numbers 2, 6, 
18, 54, 162 are said to be in geometrical progression, since 
6 is 3 times 2, 18 is 3 times 6, 54 is 3 times 18, &c. The 
number 3 is called the common ratio. 

To find the sum of these numbers 2, 6, 18, 54, 162, we 
multiply each number and therefore the whole sum by 3 
the common ratio. We shall have 3 times the required 
sum equal to the sum of the numbers 6, 18, 54, 162, 486. 
Subtract from this sum the original numbers. We see 
that 6, 18, 54, 162 are common to both sets and therefore 
twice the required sum is equal to the difference of 486 
and 2. The sum is therefore 242. 

Again, take the numbers i, 5, 25, 125, 625. 

Five times this sum is the sum of 5, 25, 125, 625, 3125. 
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Hence four times their sum is the difference 3125 and 
I and the sum is 781. 

The common ratio need not be always a whole 
number. Thus 4, 6, 9 are in geometrical progression and 
the common ratio is |. 

When three numbers are in geometrical progression 
the middle number is said to be the geometrical mean of 
the first and last number. Thus 6 is the geometrical mean 
of 4 and 9. When we wish to find the geometrical mean 
of two numbers we multiply them together and extract 
the square root of their product. If 5 and 45 be the num- 
bers, their product will be 225 and the square root 15, and 
we can see that 5, 15, 45 are in geometrical progression. 

It is possible to have a geometrical progression in 
which the terms continually decrease. Such for example 
is the series of numbers J, J, ^, ^. 

Three times the sum of this series will be the sum of 
the number i, J, J, g^, and therefore twice the sum will 
be the difference of i and ^. We should find in the 
same way that twice the sum of J, J, ^, ^, ^^ was equal 
to the difference of i and 5J3, and that twice the sum of 
six numbers was equal to the difference of i and \^^ , 
and so on ; the more numbers we take the nearer twice 
the sum becomes to i and by taking enough numbers we 
can make it become as near i as ever we please. This is 
expressed shortly by saying that twice the sum of the 
infinite series of J, J, ^, &c. is equal to i or that the sum 
itself is equal to jr. 

Recurring decimal fractions are a case of an infinite 
series of numbers in geometrical progression. 
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Arithmetical and geometrical progressions were known 
to the Pythagoreans. Euclid shews in the 35th proposi- 
tion of his 9th book how to sum a series of numbers in 
geometrical progression. 



SECTION III. 
FiGURATE Numbers. 

The following numbers are called y^^m/^ : 

h 2, 3, 4, 5) 6, 7, 8, 9, 10 •• 

I, 3, 6, 10, 15, 21, 28, 36, 45, 55 .., 

I, 4, 10, 20, 35, 56, 84, 120, 165, 220... 

I, 5, 15, 35, 70, 126, 210, 330, 495, 715 ... 

I, 6, 21, 56, &c 



They are formed thus ; 

We first write the series of numbers in their natural 
order for as many terms as we please. We begin the 
second series with i and form each term successively 
by adding to the preceding term the number that follows 
the number above it in the first series. Thus i and 2 
give 3, 3 and 3 give 6, 6 and 4 give 10, &c. In the 
same way each successive series is derived from the 
preceding. For the third series we should say i and 3 
give 4, 4 and 6 give 10, 10 and 10 give 20, &c. The 
numbers in the second series are called triangular, 
those in the third series are called pyramidal. In the 
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remaining series the numbers have no special denomi- 
nation but only the general nzxat figurate. 

From the mode of formation it is clear that any 
number in any series is equal to the sum of all the 
numbers up to and including the number immediately 
above it in the preceding series. Thus 21 is the sum 
of the numbers i, 2, 3, 4, 5, 6, since we have formed 
the series i, 3, 6, 10, 15, 21 by adding these numbers 
one after another, and 56 is for the same reason the 
sum of the numbers i, 3, 6, 10, 15, 21. 

The natural symbol for any number is not an arbi- 
trary sign such as 3 or 4, but the required number of 
some kind of objects such as strokes or dots*. If we 
represent the triangular numbers by dots, we can arrange 
these dots in the following ways : 



The first figure consists of one dot, the second figure 
of one and two dots, the third is formed from the second 
by adding three dots, the fourth from the third by adding 
four dots, &c. We thus always obtain a triangular 
number of dots, and the figures shew the reason of the 
name. 

We cannot represent the pyramidal numbers by 
figures in a plane, but if the reader will take some 

* This remark is made in the Arithmetic of Nicomachus of 
Gerasa already mentioned. 
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kind of small balls and put the first triangular number 
of balls on the second and then both together on the 
third, and all three on the fourth and so on, he will 
be able to arrange the balls in pyramids, and the num- 
ber of balls will always be a pyramidal number. 

We will now shew how to find any figurate number 
inmiediately without going through the process of suc- 
<:essive addition. 

We begin with the triangular numbers. The 7th 
triangular number is by its definition the sum of the 
first seven numbers and we have seen in the last section 
how to find such a sum. We write the numbers forwards 
and backwards and add, thus : 

h 2, 3, 4, 5, 6, 7 
7> 6, 5, 4, 3, 2, I 

o, o, o, 0, 8, o, 8 

Twice the sum is then 7 times 8, and therefore the 7th 
triangular number is half the product of 7 and 8. Simi- 
larly the 9th triangular number is half the product of 
9 and 10, the 4th is half the product of 4 and 5, &c. 

There is another way in which we can prove this 
result. We take 8 letters and write out all their com- 
binations two together. We first write those in which 
/I enters, then those in which d enters, &c. 



ad, acy ad, ae, of, ag, ah 

be, bd, be, of, bg, bh 

cd, ee, cf, eg, eh 

de, df, dg, dh 

ef, eg, eh 

fg.fh 

gh 
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a will enter into 7 combinations since it may be followed 
by any of the letters b, c, d^ e,fy g^ h. b will enter into 
6 new combinations since it may be followed by any 
of the letters which come after it but not by a, for ba 
is the same combination as ab, c will enter into 5 new 
combinations, d into 4, e into 3, /into 2,^ into i. The 
total number of combinations is then the sum of 7, 6, 
5, 4, 3, 2, I and this is the same thing as the 7th trian> 
gular number. But we know that the number of com- 
binations of 8 things taken two together is the product 
of 8 and 7 divided by the product of i and 2. Hence 
the 7th triangular number is the product of 7 and 8 
divided by the product of i and 2. 

We can apply the same method to finding other 
figurate numbers. We will find the 7th pyramidal num- 
ber or what is the same thing the sum of the first 7 
triangular numbers. 

We take 9 letters a^ by c, d, e, /, ^, k, i and write out 
their combinations 3 together. We first of all write those 
in which a comes first. If a be written before any of the 
combinations of the letters ^, c, d^ e, f^ g, hy i taken two 
together we shall have a combination of the letters a, 
by Cy &c. taken three together. Hence the total number 
of combinations in which a occurs will be the number 
of combinations of 8 things 2 together or the 7th 
triangular number. We next find the number of new 
combinations in which b occurs. This will be the num- 
ber of combinations of the 7 letters Cy d, Cyfy gy hy i taken 
2 together, or the 6th triangular number, since a cannot 
appear again. In the same way if we take c d e f g 
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one after another, we shall see that the number of new 
combinations in which they will occur will be respect- 
ively the 5th, 4th, 3rd, 2nd, ist triangular numbers. 
Hence the total number of combinations is the sum of 
the first seven triangular numbers. But the number of 
combinations of 9 things taken 3 together is the pro- 
duct of the numbers 9, 8, 7 divided by the product 
of the numbers i, 2, 3. Therefore the sum of the first 
7 triangular numbers, or the 7th pyramidal number, is 
equal to the product of 7, 8, 9 divided by the product 
of I, 2, 3. 

We may prove in the same way that the loth pyra- 
midal number is the product of 10, 11, 12 divided by 
the product of i, 2, 3 ; that the 4th pyramidal number 
is the product of 4, 5, 6 divided by the product of 
I, 2, 3, &c. 

If we wish to find the sum of the first 7 pyramidal 
numbers or the 7th number in the 4th series we write 
out the combinations of 10 things taken 4 together. The 
number of combinations in which a occurs will be the 
number of combinations of 9 things taken 3 together or 
the 7th pyramidal number, the number of new combi- 
nations in which b occurs will be the 6th pyramidal num- 
ber, &c. The total number of combinations will then 
be the sum of the first 7 pyramidal numbers. But this 
number of combinations is the product of 10, 9, 8, 7 
divided by the product of i, 2, 3, 4. Hence the 7th 
number of tl^ 4th series is the product of the num- 
bers 7, 8, 9, 10 divided by the product of the numbers 

h 2, 3, 4. 
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We can apply the same method to finding the num- 
ber in other series. 

We have seen that triangular numbers are formed 
by adding together the successive terms of the series 
I, 2, 3, 4, 5, 6, 7, &c. where each term differs from the 
preceding by i, and also that square numbers are formed 
by adding together the successive terms of the series 
i» 3> 5> 7> 9» ^^y &c. where each term differs from the 
preceding by 2. In the same way if we add the terms of 
the series, 

I, 4, 7, ID, 13, 16, &c. 

where each term differs from the preceding by 3, we 
obtain the following numbers, which dre called penta- 
gonal : 

1,5, 12, 22, 35, 41, &c. 

By adding the terms of the series i, 5,9, 13, 17, 21, &c. 
we obtain the hexagonal numbers i, 6, 15, 28, 45, 66, &c 
and we can obtain other series of numbers in the same 
way. To all these numbers the nssa^ polygonal is given. 

Triangular numbers were probably discovered by 
Pythagoras. Figurate numbers generally are treated of 
by several Greek writers, the chief of whom are Hypsicles, 
who lived in the 2nd century B.C., and Nicomachus of 
Gerasa. Diophantus, who lived in the end of the 3rd 
century of our era, wrote a special treatise on the subject 
of polygonal numbers. 
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Squares and Cubes of Numbers. 

We shall in this section give some fresh properties 
relating to squares and cubes, and shew how to find the 
sum of any number of squares or cubes of the natural 
numbers taken in order. 

If in the series of triangular numbers 

I, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 

we add any triangular number to the triangidar niunber 
immediately preceding it we shall have the corresponding 
square number. Thus the 5th triangular number 15 
and the 4th triangular number 10 give 25 the square 
of 5, the 9th triangular number 45, and the 8th tri- 
angular number 36 gives 81 the square of 9, &c. 

It is easily proved that this must always be the case. 
We saw for example that the 7th triangular number was 
half the product of 7 and 8, and the 6th triangular num- 
ber was half the product of 6 and 7. Now half 8 times 
7 together with half 6 times 7 must be half 14 times 7 
or 7 times 7. Hence the two triangular numbers together 
make the square of 7. 

Another way of proving the theorem is to write the 
triangular nimibers each as a sum of natural numbers, 
but the second series of numbers must be written back- 
wards. We then add each number to the number im- 
mediately below, thus : 

the 7th triangular number is the sum of i, 2, 3, 4, 5, 6, 7 

» 6th „ „ „ 6, 5, 4, 3, 2, I 

the square of 7 is the sum of 7, 7, 7, 7, 7, 7, 7 

C. 14, 
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Or we may say that by running up and down the series 
of numbers we obtain a square number. The nimibers 
I, 2, 3, 4, 5, 4, 3, 2, I are equal to the square of 5. 

Now let us find the sum of the first seven square num- 
bers. We have the following relations : 

The square of 

7 = the sum of the 7th and 6th triangular numbers. 

U ••• ••• \J ••* S ••• ••• 

K ••• ••• S ••• *^ • • • • • • 

A ••• ••• ^ •••J ••• ••« 

^ ••• ••• S • m • ^ ••• ••• 

2 •*• ••• ^ ••• Jl ••• ••• 

I = the I St triangular number. 

Adding these equalities we have the theorem that the 
sum of the first seven square numbers is equal to the sum 
of the 7th and 6th pyramtdal numbers. 

Now the 7th pyramidal number is equal to one-sixth of 
the product of 7, 8, 9 and the 6th pyramidal number is 
equal to one-sixth of the product of 6, 7, 8. But 6 times 
the product of 7 and 8, and 9 times the product of 7 and 
8 together make 15 times the product of 7 and 8. Hence 
the sum of the first 7 square numbers is equal to the 
product of 7, 8 and 15 divided by 6. 

Let us now find the sum of the first 10 square numbers. 
We prove as before that it is equal to the sum of the loth 
and 9th pyramidal numbers. But the loth pyramidal 
number is equal to one-sixth of the product of 10, 11, 12 
and the 9th pyramidal number is equal to one-sixth of the 
product of 9, 10, 1 1. Now 12 times the product of 10 and 
1 1 together with 9 times the product of 10 and 1 1 makes 
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21 times the product of lo and ii. Hence the sum of the 
first lo square numbers is the product of lo, ti and 21 
divided by 6. 

The following then is the rule : 

Take the last number, the next following number and 
their sum. Multiply these numbers together and divide . 
by 6. The result will be the required sum of the squares. 

Thus to find tne sum of the first 13 square numbers 
we take 13, 14 and their sum 27. The 6th part of the 
product of 13, 14 and 27 will be the sum required. 

If we construct a multiplication table up to any point, 
say 8 times 8, and divide it into compartments as in the 
figure below, we shall see that each compartment will 
contain the cube of a number. 



iJ = 1 3 4 
246 B 

-^ ^ '^ 
48 12 t6 


5 
'5 


6 

18 
24 
.10 


7 

14 
21 
28 

35 
42 


8 
16 
34 
3a 
40 
48 
■!6 


5 ID _IS 20__ 


2'! 


6 12 18 24 30 


36 


7 14 21 2S 35 42 


49 


8 16 24 32 40 48 56 


64 



Thus the first compartment contains 1 the cube of i, 
the second compartment contains 2, 4 and 2 which to- 
gether make 8 the cube of 2, the third compartment 
contains 3) 6, 9, 6, 3 which together make 27 the cube 
of3,&c. 

This theorem results immediately from the theorem 
already proved, that the numbers written in order from I 
up to any number and then backwards down to I again 
14—2 
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together make the square of the highest number. The 
numbers i, 2, 3, 4, 5, 4, 3, 2, i together make the square 
of 5. Now multiply each number by 5 and then we see ' 
that the cube of 5 is equal to the sum of the numbers 5, 
10, 15, 20, 25, 20, 15, 10, 5. 

Or we may write the number in any compartment, the 
7th for instance in the following way ; 

7, 14, 21, 28, 35, 42, 49 
42,35 , 28,21 , 14, 7 

49, 49» 49, 49, 49, 49, 49 

By adding them we have 7 times 49, that is to say the 
cube of 7. 

It follows that the sum of the first 8 cubes is equal to 
the sum of all the numbers in a multiplication table con- 
structed up to 8 times 8. 

To put this result in a simpler form we must employ 
the following theorem : 

If we multiply one sum of several numbers by another 
sum of several numbers, the total product will be the sum 
of the partial products we should obtain if we multiplied 
each number in the first sum by each number in the 
second sum. 

Thus if we multiply 13 the sum of 4, 6 and 3, by 11 
the sum of 4, 2 and 5, the product will be the sum of the 
following nine partial products : 

4 times 4, 4 times 6, 4 times 3 ; 
2 times 4, 2 times 6, 2 times 3 ; 

5 times 4, 5 times 6, 5 times 3. 

For to give first 4 objects, then 6 objects and then 3 
objects to each of 4 people is the same as giving each of 
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the 4 people, 13 objects at once. Hence the first three 
products together make 4 times 13. In the same way the 
next three products are equal to 2 times 13, and the last 
three products to 5 times 13. 

But 4 and 2 and 5 thirteens are equal to 1 1 thirteens 
just as 4 and 2 and 5 objects of any kind are equal to 1 1 
objects. Therefore the sum of the products is equal to 1 1 
times 13. 

Now the multiplication table up to 8 times 8 contains 
all the partial products obtained by multipljdng the num- 
bers I, 2, 3, 4, 5, 6, 7, 8 by the same numbers i, 2, 3, 4, 5, 
6, 7, 8. Hence the sum of the numbers in this multiplica- 
tion table must be equal to the product obtained when we 
multiply the sum of the numbers i, 2, 3, 4, 5, 6, 7, 8 by 
itself, that is to say it must be equal to the square of this 
latter sum. 

We see then that the sum of the first 8 cubes is equal 
to the square of the sum of the first 8 numbers, and the 
theorem will be true for any other number of cubes. 

We can apply' this result to prove the theorem of 
Nicomachus given in a former chapter. We know that 
the sum of the first two odd numbers is equal to the 
square of 2 ; the sum of the first three odd numbers to the 
square of 3, &c. Hence if we write down first i, then 2, 
then 3, then 4, then 5, then 6 odd numbers, thus : 

i|3.5l7»9»"|i3. I5.i7.i9|2i»23»25,«7.^9l3^33»35.37»39»4i| 
the sum of all these numbers will be equal to the square 
of the sum of the numbers i, 2, 3, 4, 5, 6. It will therefore 
be equal to the sum of the cubes of the numbers i, 2, 3, 4, 
5, 6. In the same way the sum of the first five sets of odd 
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numbers is equal to the sum of the cubes of the numbers 
I, 2, 3, 4, 5. Hence the last set containing 6 odd numbers 
must be equal to the cube of 6. 

The reader who has some acquaintance with Algebra 
may prove the theorems in the last two chapters by the 
same methods, but with the use of algebraical notation. 
He will thus be able to appreciate the advantages of that 
notation in respect of ease and rapidity. 

EXAMPLES. 

1. How many different straight lines can join five 
points when no three points lie on the same straight line? 

2. If these lines be produced when necessary so that 
they all intersect^ how many fresh points of intersection 
will be formed ? 

3. How many triangles can be formed from five 
points, and how many from eight points? 

4. How many tetrahedra can be formed from eight 
points, no four of which are in the same plane ? 

5. In how many different ways can the letters in the 
words essay and assay be arranged? 

6. Prove Euclid's rule for the formation of perfect 
numbers. 

7. What are the loth hexagonal and 8th heptagonal 
numbers ? 

8. Prove that the sum of the loth hexagonal and 9th 
triangular numbers is equal to the loth heptagonal 
number. 

9. If binary fractions were used instead of decimal 
fractions, how would one-third and one-fifth be expressed? 
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Answers to Examples on Chapter I. 

1. I 2 3 4 5 6 7 8 9 lo II 12 
a b c bb d be e bbb cc bd f bbc 

13 14 15 16 17 18 19 20 
g be cd bbbb h bcc i bbd 

2. Half a dozen, Half a million, Duodeviginti (2 
from 20). 

3. Four hundred and nineteen. 

4. Six gross and three units. 

5. The number of words we shall want for 

2345678 9 10 II 12 will be 
II 8 8 8 9 9 10 II 12 12 13 

6. I, II, III, HIT, V, VI, VII, VIII, vim, vv, wi, wii, 
12345678 9 10 II 12 

win, Willi, vw, vwi, vwii, vwiii, vwiiii, ww, 
13 14 15 16 17 18 19 20 

WWI, WWII, VVWIII, VWVIIII. 

21 22 23 24 



2l6 
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7. Using the letters of our Alphabet 

a b c d e ea eb ec ed f fa fb fc fd g 
1234567 8 9 10 II 12 13 14 15 

ga gb gc gd h ha hb he hd 
16 17 18 19 20 21 22 23 24. 



8. 1 1 noon. 
12. 3017. 



9. 117. 10. 2454. n. 305, 
13- 573 2uid 900 respectively. 



Answers to Examples on Chapter II. 



4827147 
5186991 
2293656 
2 1438 I 2 

13239496 
121211 



14441506 
I I 

1445 1606 



7926321 
6697775 

1339656 
inn 

1228546 



229365000 
229365000 

458730000 



229365 
229365 
229365 

688095 



2293650 
2293650 
2293650 
2293650 
2293650 
2293650 

13761900 

458730000 

I 3761900 

688095 

473179995 
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263000- 


1000 




126748 






26300— 


100 




100448 






26300— 


100 




74148 






26300— 


100 




47848 






26300- 


100 




21548 






2630— 


10 




18918 






2630- 


10 


Quotient 1481 


16288 




Remainder 245 


2630- 


10 


« 


13658 






2630- 


10 




II028 






2630- 


10 




8398 






2630- 


10 




5768 






2630- 


10 




3138 






2630- 


10 





217 



508 
263 - 

245 

7. IIOOOOIOOI. 

8. looooio. 

Q. IIIIOIOIO. 
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lo. In 7, the numbers to be added are 245, 179, 214, 
139, and the answer is 777. 

In 8, the numbers are 179 and 245, and the answer 
is 66. 

In 9, the numbers to be multiplied are 35 and 14, and 
the answer is 490. 

Answers to Examples on Chapter III. 

2. 39 ; 29. 3- 2, 2, 2, 2, 5, 103. 4. I. 
7. No ; it is the product of 23 and 37. 

9- 75348. 10. 840. 12. 8128. 

Answers to Examples on Chapter IV. 

I. loH- 2. Jf. 4. i^. 

5. 3^ is the greater. The difference is yj^. 

6. tV- 7. A- 8. yV- 9- h 
Examples 5 — 9 are to be found in an Egyptian trea- 
tise on Arithmetic and Geometry written between 2000 B.C. 
and 1700 B.C. 

Answers to Examples on Chapter V. 

I. '5784057. 2. -41706. 

3. 4*4872091. 4. 10-3321808. 

5. -06820020. 6. '453392312532. 
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7. I '128348. 8. 2*3742. 

9. '18791808. 10. 50. 

II. 18 and '018. 12. 3652 square yards. 

13. There may be in the 6th place of decimals an 
error of {a) 3 in excess, {b) 2 in defect or i in excess, 
(c) I in defect or 2 in excess, {d) 3 in defect 



Answers to Examples on Chapter VI. 

1. The square is '02459, the cube is '00386, the 4th 
power is '0006 1, the 5th power is '00009, the 6th power is 
•ooooi. Higher powers will have no figure in the 5th 
decimal place. 

2. Square '1840166, cube '0789379, 4th power '0338622, 
5th power '0145207. 

4. 11892071. 5. i'73205. 

6. i'5 ; i'4; i'4i6; i'4 14 nearly. Comparing with 
I '4142... the errors are seen to occur in the ist, 2nd, 3rd 
and 4th decimal places respectively. 

7. The result is '072535. 

8. The result is '03 1 501 correct to the last decimal. 

9. Square '12588, cube '04466, 4th power '01584, 5th 
power '0056 1, 6th power '00198, 7th power '00069, 8th 
power '00024, 9th power '00008. 

10. '13187 correct to the last decimal. 
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Answers to Examples on Chapter VII: 

I. lo. 2. 15. 3. 10 and 56. 4. 70. 

5. 60 and 30. 7. 190 and 148. 

8. This is easily shewn by writing the numbers thus, 

i» 5, 9> 13, 37 

h 2, 3, 9 



I, 6, II, 16, 26 

9. By 'oioioi... and 'ooiiooiiooii.. 
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■ The Achamians. By F. A. Paley, M.A. 4«. 6d. 

The Frogs. By F. A. Paley, M.A. 4». 6d. 

Oicero. The Letters to Atticns. Bk. I. By A.Pretor, M.A. 4«.6(i. 
Demosthenes de Falsa Legatione. By B. Shilleto, M.A. 6<. 
The Law of Leptines. By B. W. Beatson, M.A. 3«. 6d. 

Plato. The Apology of Socrates and Grito. By W. Wagner, Ph.D. 

8th Edition. 4*.Qd, 
The PhsBdo. 7th Edition. By W. Wagner, Ph J). 6«. 6<2. 

The Protagoras. 4th Edition. By W. Wayte, M.A. 4*. 6d. 

The Enthyphro. 2nd Edition. By G. H. Wells, M.A. 8#. 

The EnthydemuB. By G. H. Wells, M.A. 4«. 

The Republic. Books I. & H. By G, H. Wells, M.A. 5». 6i. 

Flaatas. The Aulolaria. By W.Wagner, Ph.D. 3rd Edition. As,^ 

Trinommns. By W. Wagner, Ph.D. 3rd Edition. 4«. 6<f. 

The Menaechmei. By W. Wagner, Ph.D. 4«. 6(2. 

The Mostellaria. By Prof. E. A. Sonnenschein. 5«, 

SophocllB Trachinlss. By A. Pretor, M.A. 4«. 6(2. 

Terence. By W. Wagner, Ph.D. 10«. 6(1. 

Theocritus. By F. A. Paley, M.A. 4«. 6(2. 

Thuoydides. Book VI. By T. W. Dougan, M.A., Fdlow of St. 
John's Oolite, Oambridge. 6& 

Others in preparatton. 

CRITICAL AND ANNOTATED EDITIONS. 

JBtna. By H. A. J. Munro, M.A. 8«. 6(2. 

Aristophania GomoedisB. By H. A. Holden, LL.I>. 8yo. 2 vols. 

SSt. 6d. Flays sold separately. 

■ Paz. By F. A. Paley, MA. Fcap. 8yo. 4«. 6(2. 

Oocpnft Poetamm Latlnoram. Edited by "W^Hwa* V^^^^'^^*'^*, 

Bdno0. Quinti Horatii Flftwa Oi^en^ "BiB- K..'i*'»sas»r 
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LI77. The first five Books. By J. Prendeville. 12mo. roan, 5«. 

Or Books L-ni. 88.6d.iy. and Y. 38. 6d. 

(hrid. P.OYidiiNasonisHeroidesXIY. By A. Palmer, M. A. 8vo.6<. 

P. Ovidii Nasonis Ars Amatoria et Amores. By the Bev. 

Herb. Williams, M.A. So. 6d. 

Metamoi^hoses. Book XIII. By Chas. Haines Keanc, M.A. 



28. 6d. 

FropertiuB. Sex Anrelii Propertii Carmina. By F. A. Paley, M.A. 
8to. Cloth, &>. 

Sez Propertii Elegiarum. LihrilV. ByA.Pahner. Fcap.8vo.5«. 

Sophocles. The AJax. By G. E. Palmer, M.A. is, 6d. 

Thuoydides. The History of the Peloponnesian War. ByBichard 
Shilleto, M.A. Book I. 8vo. 68. 6d. Book II. 870. 58. 6d. 

LATIN AND GREEK CLASS-BOOKS. 

Auzilia Latina. A Series of Progressive Latin Ezercises. By 
M.J.B.Baddeley,M.A. Fcap.Sro. Fart I. Accidence. 2nd Edition, revised. 
28. Fart XL 4th Edition, revised. 28. Key to Part II. 28. 6d. 

Latin Prose Lessons. ByProf.Charoh,M.A. 6th Edit Foap.8yo. 

28. 6d. 

Latin Ezeroises and Grammar Papers. By T. Collins, M.A. 4th 

Edition. Fcap. 8vo. 28. 6d. 

Unseen Papers m Latin Prose and Verse. With Examination 

Questions. By T. OoUins, M.A. 3rd Edition. Fcap. 8vo. 28. 6d. 

in Greek Prose and Verse. With Examination Questions. 

By T. Collins, M.A. Fcap. 8vo. 3s. 

Analytloal Latin Exercises. By G. P. Mason, B. A. SrdEdit. Ss,M, 

Latin Mood Construction, Outlines oi With Exercises. By 
the Bev. G. B. C. Casey, M.A., F.L.S., F.G.S. Small post 8vo. Is. 6d. 
Latin of the Exercises. Is. 6d. 

Scala Latina. Elementary Latin Exercises. By Bev. J. W. 

Davis, M.A. New Edition, with Yocabulary. Fcap. 8vo. 28. 6d. 

Scala GrsBca : a Series of Elementary Greek Exercises. By Bey. J. W. 
Davis, M.A., and B. W. Baddeley, M.A. 3rd Edition. Foap.8vo. 28. 6d. 

Greek Verse Composition. By G. Preston, M. A. Crown 8yo.4j. 6(2. 

Greek Particles and their Combinations according to Attic Usage. 
A Short Treatise. By F. A. Paley, M.A. 28. 6d. 

Bt thb Bbv. p. Fbost, M.A., St. John's Collbob, Cambbidob. 
EclogSB Latin® ; or, First Latin Beading-Book, with English Notes 
and a Dictionary. New Edition. Fcap. 8vo. 28. 6d. 

Materials for Latin Prose Composition. New Edition. Fcap.8Ta 

28. 6d. Key, 48. 

A Latin Verse-Book. An Introductory Work on Hexameters and 

Pentameters. New Edition. Fcap. 8vo. Ss. Key, 68. 

Analecta Grseca Minora, with Introductory Sentences, English 

Notes, and a Dictionary. New Edition. Fcap. 8vo. Ss. 6d. 

Materials for Greek Prose Composition. New Edit. Fcap. 8va 

38. 6d. Key, 58. 

Plorilegium Poeticum. Elegiac Extracts from Qyid and TibnUiu, 
ifoTTiSdition. With Notes. Fcap. 8vo. Ss. 

A nnt Ojhegue-book fox IaM^ 'Vex^^-maausti^. \!i.^ 
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A Latin Version for Masters. 2«. 6(2. 

Beddenda ; or Passages with Parallel Hints fop Translation into 

Latin Prose and Yerse. Grown 8vo. 48. 6d. 

Reddenda Beddlta (see helow). 

Anthologia GrsBca. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. Uh and Cheaper Edition. 16mo. 48. 6d. 

Anthologia Latina. A Selection of Choice Latin Poetry, from 
NsBvins to BoSthius, with Notes. By BeT. F. St. John Thackeray. Bevised 
and Cheaper Edition. 16mo. 48. 6d. 

By H. a. Holden, LL.D. 
Foliorum Silvola. Part I. Passages for Translation into Latin 
El^riao and Heroic Yerse. 10th Edition. Post 870. 78. 6d. 

— — Part n. Select Passages for Translation into Latin Lyrio 
and Comic Iambic Yerse. 3rd Edition. PostSro. 58. 

Part m. Select Passages for Translation into Greek Yerse. 



3rd Edition. PostSvo. 88. 

Folia SUvulsSi sive Eclogs Poetanun Anglicorom in Latinum et 
GriBcam oonverssa. 8vo. Yol. It. 128. 

Foliorum Centuriss. Select Passages for Translation into Latin 
and Greek Prose. 9th Edition. Post8vo. 8s. 



TRANSLATIONS, SELECTIONS, &o. 

*«* Many of the following books are well adapted for School Frizes. 

iBsohylus. Translated into English Prose by F. A. Paley, M.A. 
2nd Edition. Svo. 78. 6d. 

Translated into English Yerse by Anna Swanwick. Post 

8yo. 5e. 

Horace. The Odes and Carmen SaBculare. In English Yerse by 

J. Oonington, M.A. 9th edition. Foap. 8to. 68. 6d. 

The Satires and Epistles. Li English Yerse by J. Coning- 

ton,M.A. 6th edition. 68.6d, 

Ulnstrated from Antique Gems by G. W. King, M.A. The 



text reyised with Introduction by H. A. J. Monro, M.A. litrge Svo. II. U. 

Horaoe'8 Odes. Englished and Imitated by yarious hands. Edited 
by 0. W. P. Oooper. Grown 8vo. 68. 6d. 

Lusns IntercisL Yerses, Translated and Original, by H. J. 
Hodgson, M.A., formerly Fellow of Trinity College, Ciuiubridge. 58. 

Propertlas. Yerse Translations from Book Y.| with revised Latin 

Text. By F. A. Faley, M.A. Fcap. 8yo. 38. 

Plato. Gkirgias. Translated by E. M. Cope, M.A. 8yo. 7t. 

Philebns. Translated by F. A. Paley, M.A. Small 8yo. is, 

— — Theaatetns. Translated by F. A. Paley, M. A. Small 8yo. it, 
• Analysis and Index of theDialognes. By Dr. Day. Post8vo.5«. 

Beddenda Beddlta : Passages from English Poetry, with a Latin 

Yerse Translation. By F. E. Gretton. Grown 8yo. 68. 

Sabrlnss OoroUa in hortulis BegisB ScholsB Salopiensis contexnenmt 

traiTiii floribns legendis. Editio tertia. 870. 88. 6d. 

TheoorltoB. In English Yerse, by C. S. Calyerley, M.A. Ne^ 

Edition, reyised. Grown 8yo. 78. 6d. 

Tranfllatioiui into English and L&XVn. ^1 ^« ^* C^^^cse^ss^; 
PostSvo. 78,6d, 
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Translations into Greek and Latin Yerse. By B. 0. Jebb. 4to. 

doth gilt. 10i.6d. 

into English, Latin, and Greek. By R. 0. Jebb, M.A., 

H. Jack'on, Litt.D., and W. E. Gnrrey, M.A. Second Edition. Ss. 6d. 

Between Whiles. Translations by B. H. Kennedy. 2nd Edition 
revifled. CnmnSro. 5a. 

REFERENCE VOLUMES. 

A Latin Grammar. By Albert Harkness. Post 8vo. Bs, 

By T. H. Key, M.A. 6th Thousand. Post 8vo. 89. 

A Short Latin Grammar for Sohools. By T. H. Key, M.A. 

F.B.S. UthBdition. FofftSro. 80. 6d. 

A Guide to the Ghoioe of Glassloal Books. By J. B. Mayor, M.A. 

Beyised Edition. Grown Svo. Ss. 

The Theatre of the Greeks. By J. W. Donaldsoni D J). 8th 

Edition. Poet 8vo. 58. 

Keightley's Mythology of Greeoe and Italy. 4th Edition. Bs. 
A Dictionary of Latin and Greek Quotations. By H. T. Biley. 

Post 8to. 58. With Index Yerbomm, 68. 

A History of Roman Literature. By W. S. TeufFel, Profess^ at 
the UniTersity of Tubingen. By W. Wagner, Ph.D. 2 toIs. Demy 8to. 218. 

Student's Guide to the University of Cambridge. 4th Edition 

revised. Foap. 8yo. 68. 6d. ; or in PartB.— Port 1, 28. 6cl. ; Parts 2 to 9, la. 
each. 

CLASSICAL TABLES. 
Latin Aooidenoe. By the Bey. P. Frost, M.A. 1«. 
Latin Versifloation. 1«. 
Notabilla Quaedam ; or the Principal Tenses of most of the 

Irregular Greek Verbs and Elementary Greek, Latin, and French Con* 

stmction. New Edition. Is. 

Richmond Rules for the Ovidlan Distich, <S:o. By J. Tate, 

M.A. l8. 

The Principles of Latin Syntax. 1«. 

Greek Verbs. A Catalogue of Verbs, Irregular and Defectiye; their 
leading formations, tenses, and inflexions, with Paradigms for oonJTigation« 
Rules for formation of tenses, &o. &o. By J. 8. Baird, T.O.D. 28. 6d. 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. Is, 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. 8. 
Baird, T.O.D. New Edition, by W. G. Rutherford. l8. 

Greek Aocidepce. By the Bev. P. Frost, M.A. New Edition. It. 
CAMBRIDGE MATHEMATICAL SERIES. 

Algebra. Ghoioe and Chance. By W. A. Whitworth, M.A. Srd 

Edition. 6», 
Euclid. Exercises on Euclid and in Modern Geometry. By 

J. McDowell, M.A. Srd Edition. 6n. 
Trigonometry. Plane. By Bev. T.Vyvyan, M.A. 2nd Edit. Bs.Qd, 

Geometrical Conic Sections. By H. G. Willis, M.A. Man- 
chester Grammar School. 78. 6d. 
CfonioB. The Elementary Qeome^a? ol» \\J[i^^\itfS£i, B^ 0, Taylor, 
D.D. 48, ed. 
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Solid Geometry. By W. S. Aldis, M.A. 3rd Edition. 68, 
Rigid D3rnamic8. By W. S. Aldis, M.A. 48. 
Elementary Dynamics. By W. Garnett, M.A. drd Edition. 6«. 
Dynamics. A Treatise on. By W. H. Besant, D.Sc, F.R.S. 7s. 6^. 

Heat. An Elementary Treatise. By W. Gamett, M.A. 3rd Edit. 

38. 6d. 
Hydromechanics. By W. H. Besant, M.A., F.B.S. 4th Edition. 

Part I. Hydrostatios. 58. 

Mechanics. Problems in Elementary. By W. Walton, M.A. 6^. 



CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 

Universities, Schools, and Candidates for the Publie 

Examinations. Fcap. Svo, 

Arithmetic. By Bev.C.Elsee, MJ^. Fcap. 8yo. 12th Edit. Ss.Bd. 

Algebra. By the Bev. C. Elsee, M.A. 6th Edit. 4s. 

Arithmetic. By A. Wrigley, M.A. 3^. Gd 

A Progressive Coarse of Examples. With Answers. By 

J. Watson, M.A. 5tb Edition. 2s. Sd. 

Algebra. Progressive Course of Examples. By Bev. W. F. 
M'Michael,M.A.,andB.FrowdeSmitli, M.A. 3rd Edition. Ss.Gd. With 
Answers. 48. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

5tli Edition. 4a. 

Conic Sections treated Geometrically. By W. H. Besant, M.A. 
4tli Edition. 48. 6d. Solation to the Examples. 4s. 

Elementary Conic Sections treated Geometrically. By W. H. 

Besant, M.A. [^In the press. 

Conies. Enunciations and Figures. By W. H. Besant, M.A. Is.Qd. 

Statics, Elementary. By Bev. H. Gocdwin, D.D. 2nd Edit. 8^. 

BTdroetatics, Elementary. By W. H. Besant, M.A. 10th Edit. 4j. 

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A. Qs, 

Kewton's Frincipia, The First Three Sections of, with an Appen- 
dix; and the Ninth and Eleventh Sections. Bj J. H. Erans, M.A. 5th 
BditioB, by P. T. Main, M.A. 48. 

Optics, Geometrical. With Answers. By W. S. Aldis, M.A. 8«. 6d. 

Analytioal Geometry for Schools. By T. G.Vyvyan. 4th Edit. is. 6d. 

Oreek Testament, Companion to the. By A. C. Barrett, A.M. 
5th Edition, revised. Fcap. Svo. Ss. 

Book of Common Prayer, An Historical and Explanatory j^reatise 
on the. By W. G. Humphry, B.D. 6th Edition. Fcap. 870. * 4s. 6d. 

Musio, Text-book of. By H. C. Banister. 11th Edit, revised. 6s, 

■ Coneise History of. By Bev. H. G. Bonavia Hunt, B. Mus. 

Ozon. 7th Edition revised. Ss. 6d. 



ARITHMETIC ANO k\JS,^^VJK. 

Seeforegovng Serie*. 
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GEOMETRY AND EUCLID. 

Euclid. The First Two Books explained to Beginners. By G. P. 
Mason, B.A. 2nd Edition. Foap. 8vo. 2ii. 6d. 

The Enunciations and Figures to Euclid's Elements. By IIcy. 
J. Brasse, D.D. New Edition. Fcap.Sro. Im, On Oards, in case, 58. 
Without the Figrores, 6d. 

Exercises on Euclid and in Modem Geometry. By J. McDowell, 

B.A. Grown 8vo. 3rd Edition revised. 6$. 
Geometrical Conic Sections. By H. G. Willis, M.A. 7«. 6d. 

Geometrical Conic Sections. By W. H. Besant, M.A. 4th Edit. 
48. 6<L Solution to the Examples. 48. 

Elementary Geometrical Conic Sections. By W. H. Besant, 

M. A. l^In the prsas. 

Elementary Geometry of Conlos. By C. Taylor, D.D. 4th Edit 

8yo. 48. 6d. 

An Introduction to Ancient and Modem Geometry of Conies. 

By 0. Taylor, M.A. 8yo. 158. 

Solutions of Geometrical Problems, proposed at St. John's 

College from 1830 to l&i6. By T. Gaskin, M.A. Svo. 12s. 

Conic Sections. By H. G. Willis, M.A. 7«. 6d. 



TRIGONOMETRY. 

Trigonometry, Introduction to Plane. By Bey. T. G. Yyyyan, 

Charterhouse. 2nd Edition. Cr. Svo. Si. 6d. 

An Elementary Treatise on Mensuration. By B. T. MoofOi 

M«A« 58. _^______^__»__^ 

ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 
An Introduction to Analytical Plane Geometry. By W. P. 

Tumbnll,M.A. Svo. 128. 

Problems on the Principles o) Plane Co-ordinate Geometry. 

By W. Walton, M.A. Svo. 168. 

Trilinear Co-ordinates, and Modem Analytioal Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. Svo. 168. 

An Elementary Treatise on Solid Geometry. By W. S. AldiSt 

M.A. 3rd Edition revised. Cr. Sro. 68. 

Elementary Treatise on the Differential CalonhuL By M. 

O'Brien, M.A. Svo. 108. 6d. 

EUiptio Functions, Elementary Treatise on. By A. Cayley, MA. 

Demy Svo. ISs. 

MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, DJ). Foap. 8vo. Snd 

Edition. 38. 

I^amios, A Treatise on Elementary. By W. Gamett, MA. 
5rd Edition. OroimSvo. 6s. 
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Dynamics. Bigid. By W. S. Aldis, MA. 4s. 

Dynamics. A Treatise on. By W. H. Besant, D .Sc. , F.B.S. 7s. 6^?. 

Elementary Mechanics, Problems in. By AV. Walton, M.A. New 

Edition. Crown 8vo. 68. 

Theoretical Mechanics, Problems in. By W. Walton. 2nd Edit 
revised and enlarged. Demj 8vo. IGs. 

Hydrostatics. ByW.H.Besant,M.A. Fcap.Svo. 10th Edition. 4s. 

Dynamics of a Particle, A Treatise on the. By W. H. Besant, D.Sc. 

[Pyeporing. 

Hydromechanics, A Treatise on. By W. H. Besant, M.A., F.B.B. 
8to. 4tli Edition, revised. Part I. Hydrostatdos. 5s. 

Optics, Geometrical. By W. S. Aldis, M.A. Fcap. 8vo. Ss. 6(1. 

Double Refraction, A Chapter on Fresnel's Theory of. By W. S. 

Aldis, M.A. 8vo. 2s. 
Heat, An Elementary Treatise on. By W. Gamett, M.A. Grown 

Svo. 3rd Edition revised. Ss. 6d. 

Newton's Frincipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.iu 5th 
Edition. Edited by P. T. Main, M.A. is. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

Fcap. Svo. cloth. 48. 
Astronomy, Practical and Spherical. By B. Main, M.A. Svo. 14s. 

Astronomy, Elementary Chapters on, from the < Astronomic 
Physique' of Biot. By H. Goodwin, D.D. Svo. Ss. 6d. 

Pure Mathematics and Natural Philosophy, A Compendium of 
Pacts and FormnlsB in. By G. B. Smalley. 2nd Edition, revised by 
J. McDowell, M.A. Fcap. Svo. Ss. 6d. 

Elementary Mathematical Formul®. By the Bev. T. W. Open- 
shaw. Is. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. Svo. 16s. 

Problems and Examples, adapted to the * Elementary Course of 
Mathematics.' 3rd Edition. Svo. Ss. 

Solutions of Goodwin's Collection of Problems and Examples. 
By W. W. Hntt, M.A. 3rd Edition, revised and enlarged. Svo. Ss. 

Mechanics of Construction. With numerous Examples. By 
8. Fenwiok, F.B.A.S. Svo. 12s. 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. Tbueman Wood, Secretary of the 
Society of Arts. 

1. Dyeing and Tissue Printing. By W. Crookes, F.B.S. bs, 

2. Glass Manufacture. By Henry Chance, M. A.; H.J. Powell, B. A.; 

and H. G. Harris. Ss. 6d. 

8. Gotton Manufacture. By Bichard Marsden, Es^., of Man- 
chester. 6s. 6d. 

4. Telegraphs and Telephones. B^ '^.'SL,^x^^^^>"^^^- ^,^^ 
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HISTORY, TOPOGRAPHY, &o. 

Rome and the Campagna. By B. Bum, M.A. With 85 En- 
gravings and 26 Maps and Plans. With Appendix. 4to. 31.38. 

Old Rome. A Handbook for Travellers. By B. Bum, M.A. 

With Maps and Plans. Demy Svo. lOs. 6d. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 
oontinned. 5 vols. Demy 8to. 21. lis. 6d. 

The History of the Kings of Rome. By Dr. T. H. Dyer. 8yo. 16<. 

The History of Pompeii: its Buildings and Antiquities. By 
T. H. Dyer. 3rd Bdition, brought down to 1874. Post 8to. 7s. 6d. 

The City of Rome : its History and Monuments. 2nd Edition, 
revised by T. H. Dyer. 6s. 

Ancient Athens: its History, Topography, and Remains. By 

T. H. Dyer. Super-royal 8vo. Cloth. 11. 58. 

The Decline of the Roman Republic. By G. Long. 6 vols. 
8vo. lis. each. 

A History of England during the Early and Middle Ages. By 

0. H. Pearson, H.A. 2nd Edition revised and enlarged. 870. Vol. I. 
168. Vol. II. 14e. 

Historical Maps of England. By C. H. Pearson. Folio. 3rd 
Edition revised. 3l8. 6d. 

History of England, 1800-15. By Harriet Martineau, with new 
and copious Index. 1 vol. Ss. 6d. 

History of the Thirty Years' Peace, 1815-46. By Hazriet Mar- 
tineau. 4 vols. 35. 6d. each. 

A Practical Ssrnopsis of English History. By A. Bowes. 4th 

Edition. 8vo. 28. 

Student's Text-Book of English and General History. By 

D. Beale. Grown 8vo. 28. 6d. 

Lives of the Queens of England. By A. Strickland. Library 
Edition, 8 vols. 78. 6d. each. Ohoaper Edition, 6 vols. 58. each. Abridged 
Edition, 1 vol. 68. 6d. 

Eginhard's Life of Karl the Great (Charlemagne). Translated 

with Notes, by W. Glaister, M.A., B.O.L. Grown 8vo. 48. 6d. 

Outlines of Indian History. By A. W. Hughes. Small Post 

8vo. 3s. 6d. 

The Elements of General History. By Prof. Tytler. New 
Edition, brought down to 1874. Small Post 8vo. Ss. 6d. 

ATLASES. 
An Atlas of Classical Geography. 24 Maps. By W. Hughes 

and G. Long, M.A. New Edition. Imperial 8vo. 128. 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps 
Mieoted from the above. New Edition. Imperial 8vo. 8e. 

Itrat aisBBioBl Maps. By ihe Bey. J. Tate, M.A. Srd Edition. 
Imperial 8yo. 7s. 6d. 

''^uidardliibrary Atlas otOla»BVo«:iQ(«oq^l>Vi. \ai^.%^^^%.^A. 
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PHILOLOGY. 

WEBSTER'S DIOTIONABY OF THE ENaUSH LAN- 

GXJAGE. With Dr. Malm's Etymoloffy. 1 yol. 1628 pages, 3000 Illns. 

trations. 21s. With Appendioes and 70 additional pages of Illnstra- 

tions, 1919 pages, 31s. 6d. 

' Thx BSSTPRA0TIG4L Ehgush Dictiohabt sxtaht.'— Quartsriy Bemew, 1873. 

Prospeotnaes, with specimen pages, i>ost free on application. 

Hicliardson's Philological Dictionary of the Enj^h Language. 
Combining Explanation with Etymology, and copiously illustrated by 
Quotations from the best Authorities. With a Supplement. 2 vols. 4to. 
41. 148. 6cl.; half mssia, 51. 15s. 6d.j russia, 61. 128. Supplement separately. 
4to. 128. 

An 870. Edit, without the Quotations, 15s.; half russia, 208.; mssia, 248. 

Supplementary English Glossary. Containing 12,000 Words and 
Meanings occurring in English Literature, not found in any other 
Dictionary. By T. L. 0. Davies. Demy 8vo. 168. 

Folk-Etsrmology. A Dictionary of Words perverted in Form or 
Meaning by False Derivation or Mistaken Analogy. By Bev. A. S. Palmer. 
Demy 8to. 2l8. 

Brief History of the English Language. By Prof. James Hadley, 
LL.D., Yale College. Fcap. 8vo. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 
20th Edition. Post8vo. 48. 6d. 

Philological Essays. By T. H. Key, M.A., F.B.S. 8yo. 10«. Gd. 

Language, its Origin and Development. By T. H. Key, M.A., 

F.B.S. 8to. 148. 

Synonyms and Antonyms of the English Language. By Arch- 
deacon Smith. 2nd Edition. Po8t8vo. 5s. 

Synonyms Discriminated. By Archdeacon Smith. DemySvo. 16«. 

Bible English, By T. L. 0. Davies. 58. 

The Queen's En^ish. A Manual of Idiom and Usage. By the 
late Dean Alf ord 6th Edition. Fcap. 8vo. 58. 

A History of English Rhythms. By Edwin Guest, M. A. , D. C. L. , 
• LL.D. New Edition, by Professor W. W. Skeat. Demy 8to. 18s. 

Etymological Glossary of nearly 2500 English Words de- 
riyed from the Greek. By the Rey. E. J. Boyce. Fcap. 8vo. 3s. 6d. 

A Syriao Grammar. By G. Phillips, D.D. drd Edition, enlarged. 

8to. 78. 6d. 
A Grammar of the Arabic Language. By Bev. W. J. Bea- 

mont, M.A. 12mo. 78. 

DIVINITY, MORAL PHILOSOPHY, &o. 

Ko^im Testamentum Grsscum, Teztus Stephanioi, 1550. By 
F. H. Sorivener, A.M., LL.D., D.O.L. New Edition. 16mo. 48. 6d. Also 
on Writing Paper, with Wide Margin. Half-bonnd. 128. 

By the tame Author, 

Oodex Bezfls Oantabrigiensis. 4to. 26«. 

A Toll GoUation of the Ckxlez Sinaiticus with the Beceived Text 
of the New Testament, with Critical Introdnction. 2nd Edition, revised. 
IVxip. 8to. 68. 

A Plain Introduction to the Orltioitoa. ol >aMk ^«« '^'^'^'^^^^ 
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Six Lectures on the Text of the New Testament For EngHsh 

Readers. Grown 8vo. Gs. 

The New Testament for English Readers. By the late H. Alford, 

D.D. Vol. I. Part I. 3rd Edit. 12s. Vol. I. Part H. 2nd Edit. 10t.6d. 
Vol. II. Part I. 2nd Edit. 168. Vol. U. Part II. 2nd Edit. 16s. 

The areek Testament By the late H. Alford, D.D. YoL I. 6th 

Edit. II. 8s. Vol. II. 6th Edit. 11. U. Vol. III. 5th Edit. 18s. Vol. lY. 
Part I. 4th Edit. 18s. Vol. IT. Part II. 4th Edit. 14s. Vol. lY. 11. 12s. 

Companion to the Greek Testament By A. C. Barrett, M.A. 

5th Edition, reyised. Fcap. 8?o. 5s. 

The Book of Psalms. A New Translation, with Introductions,^. 
By the Very Bev. J. J. Stewart Perowne, D.D. 8yo. Vol. 1. 5th Editioua 
l&i. YoL II. 5th Edit. 16s. 

-— »— Abridged for Schools. 4th Edition. Crown Svo. 10«. 6d. 
History of the Articles of Religion. By C. H. Hardwick. 8rd 

Edition. Post 8to. 5s. 
History of the Greeds. By J. B. Lumby, D.D. 2nd Edition. 

Orown 8ro. 7s. 6d. 

Pearson on the Greed. Garefully printed from an early edition. 
With Analysis and Index by B. Waif ord, M.A. Post 870. Ss. 

An Historical and Explanatory Treatise on the Book of 

Common Prayer. By Bev. W. Q, Hnmphiy, B.D. 6th Bditiona enlarged. 
Small Post 8ro. 4s. 6d. 

The New Table of Lessons Explained. By Bev. W. G. Humphry, 

B.D. Fcap. Is. 6d. 

A Gommentary on the Qospels for the Sundays and other Holy 
Days of the Christian Year. By Bev. W. Denton, AH. New Edition. 
3 vols. 8to. 51s. Sold separately. 

Gommentary on the Epistles for the Sundays and other Holy 
Days of the Christian Year. By Bot. W. Denton, A.H. 2 yoIb. 368. Sold 
separately. 

Gommentary on the Acts. By Bev. W. Denton, A.M. Yd. I. 

8to. 18s. Vol. II. 14s. 

Notes on the Gatechism. By Bi Bey. Bishop Bany. 7th Edit. 

Fcap. 2s. 

Gatechetical Hints and Helps. By Bev. E. J. Boyoe, M.A. 4th 

Edition, revised. Fcap. 2s. 6d. 

Examination Papers on Religious Instniction. By Bev. E. J. 

Boyoe. Sewed. Is. 6d. 

Ghurch Teaching for the Ghurch's Ghildren. An Ezpositioii 

of the Catechism. By the Bev. F. W. Harper. Sq. Fcap. 2s. 
The Winton Ghurch Gatechist Questions and Answers on the 

Teaching of the Ohnroh Catechism. By the late Bev. J. S. B. HonsBU* 
LL.D. 8rd Edition, doth, 3s.; or in Fonr Puts, sewed. 

Tne Ghurch Teacher's Manual of Ghristian Instnxotioii. By 

Ber. M. F. Sadler. 30th Thousand. 2s. 6d. 

Short Explanation of the Epistles and Gk>spels of the Ghxls« 

tian Year, with Questions. Boyal 32mo. 2i. 6d.; oalf, 4s. 6d. 

Bntletr'B Analogy of B.eW^an*, m\»\i lotcoduction and Index by 
' Ber. Pr. Steero. Kew ISidi^ou. Ycb.^. ^.^ 



Educational Works 18 



Zieotores on the History of Moral Philosopliy in England. By 

W. Whewell, D.D. Crown 8vo. &. 

Kent's Commentary on International Law. By J. T. Abdy, 

LL.D. New and Cheap Edition. Crown 870. lOs. 6d. 

A Manual of the Roman Civil Law. By G. Leapingwell, LL.D« 
8vo. 12«. 

FOREIGN CLASSICS. 

A teries for use in Schools, with English Notes, grammatical and 
explanatory, and renderings of difficult idiomatic expressions, 

Fcap» 8vo, 
Sohiller'B 'Wallenstein. By Dr. A. Buchheim. Cth Edit. Qs,6d. 

Or the Lag^r and Ficcolomini, 35. 6d. Wallenstein's Tod, 3a. 6d. 

Maid of Orleans. By Dr. W. Wagnor. 3s. 6(f . 

Maria Stuart. By V. Kastner. 3». 

Qoethe'8 Hermann and Dorothea. By E. Bell, M.A., and 

E. WolfeL 28. 6d. 

Oerman Ballads, from Uhland, Goethei and Schiller. By C. L. 
Bielefeld. 3rd Edition. 38. 6d. 

Charles Xn., par Yoltaire. By L. Direy. 4th Edition. 8«. 6d. 
Aventures de T616maque, par F^n^lon. By C. J. Delille. 2nd 

Edition. 48. 6d. 

Seleot Fables of La Fontaine. By F. E. A. Gaso. 16th Edition. 3s. 
Fiooiola, hy X.B. Saintine. By Dr.Dubuo. 15th Thousand. 1«. 6(1. 

Lamartine's Le Tailleur de Pierres de Saint-Point. Edited, 
with Notes, by J. Bolelle, Senior French Master, Dulwich College. 2nd 
Edition. Fcap. Bro. Ss. 



FRENCH CLASS-BOOKS. 

SVenoh Grammar for Public Schools. By Bey. A. C. Clapin, M.A. 

Foap. Svo. 10th Edition, revised. 28. 6(2. 
Vrenoh Primer. By Bev. A. C. Clapin, M.A. Fcap. Svo. 6th Edit. 

l8. 

Primer of French Philology. By Bev. A. C. Clapin. Fcap. 8yo. 

2nd Edit. Is. 

Le Nouveau Tr^sor; or, French Student's Companion. By 

M. E. S. 16th Edition. Fcap. Svo. 38. 6d. 
Italian Primer. By Rev. A. C. Clapin. Fcap. Svo. Is, 

Manual of French Prosody. By Arthur Gossett, M.A. Crown 
8to. 38. 

F. B. A. GASC'S FRENCH COURSE. 
Firft French Book. Fcap. Svo. 86th Thousand. Is, 6d, 
Second French Book. 42nd Thousand. Fcap. Svo. 2s, 6d, 
Key to First and Second French Books. Fcap. Svo. Ss. 6(2. 

French Fables for Beginners, in Prose, with Index. 15th Thousand. 

12mo. 28. 
Sdect Fables of La Fontaine. New Edition. Fcap. Svo. St. 
Blftohres Amusantes et InstruotWwi. ^\^^<iV5«i* ^SJKicJ^^wsQ.- 

mid. VoKp,9ro, 2«.6d. 
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Fraotioal Guide to Modem French Oonveniatlon. 15th Thou- 

sand. Fcap. 8ro. 28. 6d. 

French Poetry for the Young. With Notes. 4th Edition. Fcap. 

8to. 28. 

Materials for French Prose Composition; or, Selections from 

the best English Prose Writers. 17th Thousand. Foap. 8yo. 48. 6d. 
Key, 68, 

Prosateurs Gontemporains. With Notes. 8yo. 7th Edition, 
revised. Ss. 

Le Petit Compagnon ; a French Talk-Book for Little Children. 

nth Thousand. 16mo. 28. Gd. 

An Improved Modem Pocket Dictionary of the French and 

English Languages. 35th Thousand, with Additions. IGmo. Gloth. 48. 
Also in 2 Tols. in neat leatherette, 58. 

Modem French-English and EngUsh-Frenoh Dictionary. 3rd 

and Cheaper Edition, revised. In 1 vol. lOs. 6d. 

GOMBEBT'S FBENCH DBAMA. 

Being a Selection of the best Tragedies and Comedies of Molidre, 
Racine, Gomeille, and Voltaire. With Annunents and Notes bj A. 
Oombert. New Edition, revised by P. B. A. Gaso. Eoap. 8vo. Is. each 
sewed, 6d. Cohte^ts. 

MouEBX :— Le Misanthrope. L'Avare. Le Bourgeois Qentilhomme. Le 

Tartuffe. Le Malade Imaginaire. Les Femmes Savantes. Les Fonrberiea 

de Scapin. Les Pr^enses Bidioules. L'Eoole dea FemmeB. L'Eoole dea 

Maris. Le M^deoin malgr^ Lni. 

Racinx :— Fh^dre. Esther. Athalie. Iphigtfnie. Lea Plaidenrs. La 
Thtfbalde; on, Les Frdres Ennemis. Andromaque. Britannions. 

P. OoBKsiLLB :— Le Old. Horace. Oinna, Polyenote. 

YOLTJLIBX :— 2ialre. 

GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr Buchheim. 

9th Edition. Foap. 48. 6d. Key, Farts I. and II., Ss. Parts HI. and lY., 48. 

Wortfolge, or Rules and Exercises on the Order of Words in 

German Sentences. By Dr. F. Stock. Is. 6d. 

A German Grammar for Public Schools. By the Bey. A. 0. 

Olapin and F. Holl Mailer. 8rd Edition. Fcap. 28. 6d. 
A German Primer, with Exercises. By Bev. A. C. Clapin. Is, 
Kotsebue's Der Gto&ngene. With Notes by Dr. W. Stromberg. 1«. 



ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadl^, 

LL.D., of Yale College. Fcap. 870. Is. 

The Elements of the English Language. By E. Adams, PhJ). 

aOth Edition. Post 8yo. 48. 6d. 

The JBudlments of English Grammar and Analyiig. By 

£(. Adams, PhD. lithThonsasid. Foap. 8yo. 28. 

A Oonoise System otPax^ng. 'B^'L.IBk. k^&aii^^'&.Au Foap. 8vo. 

ls.6d. 
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By C. P. Mason, Fellow of Univ. Coll. London. 
First Notions of Grammar for Young Learners. Fcap. 8vo. 

18th Thousand. Cloth. 8d. 

First Steps in English Grammar for Junior Classes. Demy 

ISmo. 35th Thousand. 1«. 

Outlines of English Grammar for the use of Junior Classes. 

48th Thousand. Grown 8vo. 28. 

English Grammar, including the Principles of Grammatical 

Analysis. 27th Edition. 83th Thousand. Grown 8vo. 38. QA. 

A Shorter English Grammar, with copious Exercises. 21 st Thou- 
sand. Grown 8vo. Ss. 6d. 

English Grammar Practice, being the Exercises separately. Is, 
Code Standard Grammars. Parts L and 11. 2c2. each. Parts in. , 
17., and V., 3d. each. 

Practical Hints on Teaching. By Bey. J. Menet, M.A. 6th Edit. 
revised. Grown 8vo. cloth, 28. 6d. ; paper, 2s. 

How to Earn the Merit Grant. A Manual of School Manage- 
ment. By H. MAJor, B.A., B.Sc 2nd Edit, reyised. Part I. Infant 
School, 39. Part II. A^. Complete, 68. 

Test Lessons in Dictation. 2nd Edition. Paper cover, Is, 6(2. 

Hints for Shakespeare Study. By M. G. Moberley. 2nd 
Edition. Crown 8vo. paper, l8. 

Questions for Examinations in English Literature. By Bey. 

W. W. Skeat, Prof, of Anglo-Saxon at Cambridge Uniyersity. 28. Qd, 

Drawing Copies. By P. H. Delamotte. Oblong 8yo. 12«. Sold 
alM> in parts at !«. each. 

Poetry for the Schoolroom. New Edition. Fcap. 8yo. Is. 6(2. 

Geographical Text-Book ; a Practical Geography. By M. E. S. 

12mo. 28. 

The Blank Maps done np separately, 4to. 28. oolonred. 

Loudon's (Mrs.) Entertaining Naturalist. New Edition. Beyised 
by W. S. Dallas, F.L.S. Ss. 

■ ■■ ■ ■ Handbook of Botany. New Edition, greatly enlarged by 
D. Wooster. Fcap. 28. 6d. 

The Botanist's Pocket-Book. With a copious Index. By W. B. 
Hayward. 4th Edit, revised. Crown 8yo. cloth limp. 48. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stockhardt. 
By C. W. Heaton. Post 8vo. 56. 

Double Entry Elucidated. By B. W. Foster. 12th Edit. 4ta 
38. 6d. 

A New Manual of Book-keeping. By P. Crellin, Accountant. 

Grown 8vo. Ss. 6d. ____________^_______^____^ 

Picture School-Books. In Simple Language, with numerous 

lUiutrations. Boyal 16mo. 

The Infant's Primer. 3 1.— School Primer. 6d.— School Reader. By J. 
Tilleard. l8.~Poetry Book for Sdxools. l8.— The Life of Joseph. U.— The 
Sorfotnre Parables. By the Bey. J. B. Clarke. Is.— The Scripture Hhndes. 
By the Ber. J. B. Clarke. Is.— The New Testament History. By the Bey. 
J. G. Wood, M.A. U— The Old Testament History. By the B«<(. ^^^- 
Wood, MJL. U-The Story of Bnnyan's PUgrini'^ 'Cwkto^. 'J^.-'^^^^g^ 
of Christopber Colnmbna. By Bart^ OiouqAAXu \»*— ^»» ^^^^ ^^ 
Luther. Bj £huah Orompton. !•« 
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BOOKS FOR YOUNG READERS. 

A Scries of Reading Books desifjned to facilitate the acquisition of the power 
of Reading by very young (jhildren. In 9 vols, limp cloth, Qd. each. 

Tot and the Cat. A Bit of Cake. The Jay. The 
Black lion's Nost. Tom and Ned. Mrs. Boe. 

The Cat and the Hen. Sam and his Dog Rtid-leg. 
Bob and Tom Lee. A Wreck. 

The New-born Lamb. The Bosewood Box. Poor 
Fan. Sheep Dog. 

The Story of Three Monkeys. 

Story of a Cat. Told by Herself. 

The Blind Boy. The Mate GirL A New Tale 

Babes in a Wood. \ 

The Dey sind the Knight. The New Bank Note 
The Royal Visit. A King's Walk on a Winter's Day. 

Queen Bee and Busy Bee. 

Gull's Crag. 

A First Book of Geography. By the Eey. C. A. Johns. 
Illustrated. Double size, Is. ^ 
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BELL'S READING-BOOKS. 

70B SCHOOLS AND PABOOHIAL LIBBABIES. 

The popularity of the ' Books for Young Readers ' is a sufficient proof that 
teachers and pupils alike approve of the use of interesting stories, m place of 
the dry combination of letters and syllables, of which elementary readingttbooks 
generally consist. The Publishers haye therefore thought it adyuable to extend 
the application of this principle to books adapted for more advanced readers. 

Now Ready. Post Bvo, Strongly bound in cloth, Is. each, 

Grimm's German Tales. (Selected.) 

Andersen's Danish Tales. Ulustrated. Selected. 

Great Englishmen. Short Lives for Young Children. 

Great Englishwomen. Short Lives of. 

Masterman Beady. ByCapt. Manyat. Illus. (Al^d.) 

Friends in Fur and Feathers. By Qwynfryn. 
Parables firom Nature. (Selected.) ByMrs.Oat|y. 
Lamb's Tales firom Shakespeare. (Selected.) 
Edgewortii's Tales. A Selection. 
Gulliver's Travels. (Abridged.) 
Robinson Crusoe. Illustrated. 
Gatty's Light of Truth. 

The Vicar of Wakefield. 
Settlers in Canada. By Capt. Manyat. (Abdg.) 
Marie : Glimpses of Life in France. By A B. Ellis. 
Poetry for Boys. Selected by D. Munro. 
Bouthey's Life of Nelson. (Abridged.) 
Life of the Duke of Wellington, withMaps and Plans. 
2*220 Romajioe of the Coast By J. Bunciman. 

Others in pvcpavolvoTV. 
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